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PerÐlhyh

Se aut  thn ergasÐa, epekteÐnoume se anoiktèc alusÐdec tic ènnoiec tou ari-

jmoÔ perièlixhc (linking number, Lk(l1, l2)),tou arijmoÔ auto-perièlixhc (self-

linking number, SL(l)) kaj¸c kai tou arijmoÔ sustrof c (writhe, Wr(l))

gia kleistèc alusÐdec. DeÐqnoume ìti oi orismoÐ autoÐ den exart¸ntai apì

to epÐpedo probol c twn alusÐdwn. EpÐshc exet�zoume th sumperifor� touc

k�tw apì elastikèc paramorf¸seic sto q¸ro, kai deÐqnoume ìti gia kleistèc

alusÐdec oi arijmoÐ perièlixhc kai autoperièlixhc eÐnai analloÐwtec. Par�oti

den eÐnai topologikèc analloÐwtec gia anoiktèc alusÐdec, deÐqnoume ìti eÐnai

omoiìmorfa suneqeÐc sunart seic upì stoiqei¸deic paramorf¸seic twn alusÐ-

dwn.

Sth sunèqeia melet�me ton mèso arijmì perièlixhc, ton mèso arijmì au-

toperièlixhc kai thn mèsh sustrof  omoiìmorfwn kai kanonik¸n tuqaÐwn perip�twn

kai polug¸nwn. Parajètoume ta gnwst� apotelèsmata kai epiplèon deÐqnoume

ìti o mèsoc tetragwnikìc arijmìc sustrof c enìc prosanatolismènou omoiì-

morfou tuqaÐou polug¸nou m kouc n se periorismèno q¸ro eÐnai thc morf c

O(n2). Gia mÐa dojeÐsa kleist  kampÔlh se periorismèno q¸ro apodeiknÔoume

ìti h mèsh apìluth tim  tou arijmoÔ perièlixhc metaxÔ thc kampÔlhc aut c

ki enìc omoiìmorfou tuqaÐou polug¸nou n koruf¸n se periorismèno q¸ro

eÐnai thc morf c O(
√

n). H arijmhtik  mac melèth epibebai¸nei aut� ta nèa

apotelèsmata kai upodeiknÔei ìti o arijmìc perièlixhc metaxÔ dÔo prosana-

tolismènwn omoiìmorfwn tuqaÐwn polug¸nwn, n koruf¸n to kajèna, eÐnai

thc morf c O(n). QrhsimopoioÔme arijmhtikèc prosomoi¸seic gia na diere-

un soume thn auxhtik  t�sh twn arijm¸n perièlixhc kai auto-perièlixhc ka-

nonik¸n tuqaÐwn perip�twn sunart sei tou m kouc touc. Tèloc, eis�goume èna

kainoÔrio mègejoc ektÐmhshc thc diaplok c gia sullogèc anoikt¸n alusÐdwn,

ton pÐnaka perièlixhc, pou mporeÐ na qrhsimopoihjeÐ gia na ektim soume thn

diaplok  polumerik¸n thgm�twn.
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Summary

In this dissertation, we extend the notions of the linking number (Lk(l1, l2)),

the self-linking number (SL(l)) and the writhe (Wr(l)) of closed curves. We

show that these definitions do not depend on the projection plane of the

chains. We also study their behavior under smooth deformations in space,

and show that for closed curves the linking number and the self-linking num-

ber are topological invariants. These are not invariants for open chains, but

we prove that they are uniformly continuous functions under elementary de-

formations of the chains.

Next we study the mean linking number and the mean writhe of uniform

and equilateral random walks and polygons. We present the results known

so far and we prove that the mean squared writhe of an oriented uniform

random polygon of length n in confined space has a scaling of the form

O(n2). For a given closed curve in confined space we prove that the mean

squared linking number of this curve and a uniform random polygon of n

edges has a scaling of the form O(
√

n). Our numerical simulations confirm

these analytical results and suggest that the mean absolute linking number

between two uniform random polygons of length n has a scaling of the form

O(n).We use numerical simulations to study the scaling of the linking number

and the self-linking number of equilateral random polygons with respect of

their number of edges. Finally, we introduce a new measure of entanglement

complexity for collections of closed, open or mixed chains, the linking matrix,

which can be used to measure the entanglement of polymer melts.
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EuqaristÐec

Ja  jela na euqarist sw jerm� thn Anaplhr¸tria Kajhg tria tou Tomèa

Majhmatik¸n thc Sqol c Efarmosmènwn Majhmatik¸n kai Fusik¸n Episth-

m¸n tou E.M.P. kurÐa S. LampropoÔlou gia thn an�jesh tou jèmatoc aut c

thc ergasÐac, gia ton polÔtimo qrìno pou dièjese kai gia thn ousiastik  ka-

jod ghs  thc kat� thn di�rkeia thc proetoimasÐac thc.

EpÐshc, ja  jela na euqarist sw jerm� ton Kajhght  K. C. Millett tou

PanepisthmÐou thc California Santa Barbara gia thn polÔtimh kajod ghsh kai

sunergasÐa sta kef�laia 4, 5, 6 kai 7.

EpÐshc, ekfr�zw tic jermèc euqaristÐec mou proc ton kÔrio J. Jeod¸rou,

Kajhght  thc Sqol c Qhmik¸n Mhqanik¸n tou E.M.P. gia to ameÐwto endi-

afèron tou gia aut n thn ergasÐa kai gia to kÐnhtro pou mac èdwse h ereunh-

tik  tou ergasÐa gia na ergastoÔme p�nw se autì to jèma.

Tèloc, euqarist¸ jerm� ton Anaplhrwt  Kajhght  tou Tomèa Majh-

matik¸n thc Sqol c Efarmosmènwn Majhmatik¸n kai Fusik¸n Episthm¸n

tou E.M.P., kÔrio N. Kadian�kh, gia tic eÔstoqec parathr seic pou bo jh-

san sth beltÐwsh thc ergasÐac aut c.
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Kef�laio 1

Eisagwg 

�Ena t gma polumeroÔc mporeÐ na apoteleÐtai apì kuklik� polumer    apì

grammik� polumer (anoiktèc alusÐdec). Oi grammikèc polumerikèc alusÐdec

eÐnai makri� eÔkampta mìria pou epib�lloun topologik� empìdia to èna s-

to �llo, epeid  den mporoÔn na diaper�soun to èna to �llo [1]. Aut� ta

topologik� empìdia, pou apokaloÔntai diaplokèc, ephre�zoun thn diamìrfwsh

kai thn kÐnhsh twn alusÐdwn mèsa se èna t gma polumeroÔc kai èqoun meleth-

jeÐ qrhsimopoi¸ntac di�fora montèla gia ta apotelèsmata twn diaplok¸n sta

polumer . Wstìso, h akrib c ènnoia thc diaplok c kai h mètrhs  thc paramènei

adieukrÐnisth.

Sthn perÐptwsh twn bio-polumer¸n, di�forec kathgorÐec enzÔmwn (topoð-

somer�sec kai ènzuma anasunduasmoÔ pou droÔn se sugkekrimènh jèsh) par�goun

diaforetikoÔc tÔpouc kìmbwn   krÐkwn ìtan dr�soun se kuklik� mìria DNA.

H an�lush aut¸n twn kìmbwn mac dÐnei plhroforÐa sqetik� me thn kajaut 

leitourgÐa twn qrwmoswm�twn. H pl rhc katanìhsh tou poioi kìmboi kai

krÐkoi diamorf¸nontai kat� anasunduasmì pou eÐnai eidikìc gia mÐa jèsh mpo-

reÐ na bohj sei sthn katanìhsh twn leptomerei¸n aut c thc diadikasÐac [42].

Ta polumer  se di�luma eÐnai eÔkampta antikeÐmena kai gia na katal�bei

kaneÐc tic diamorfwtikèc touc idiìthtec mporeÐ na k�nei mÐa diadikasÐa aneÔre-

shc mèshc tim c (oloklhrwtik  diadikasÐa) ston q¸ro twn diamorf¸sewn. O
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Edwards [1],[2] èdeixe ìti h ousÐa twn diaplok¸n mporeÐ na melethjeÐ qrhsi-

mopoi¸ntac to montèlo swl na. Ta topologik� empìdia pou epib�lloun oi

geitonikèc alusÐdec se mÐa sugkekrimènh alusÐda periorÐzoun thn kÐnhs  thc

se mÐa swlhnoeid  perioq . H kÐnhsh mikr c klÐmakac eÐnai periorismènh sthn

t�xh megèjouc thc diamètrou tou swl na, kai h kÐnhsh se meg�lh klÐmaka

gÐnetai èrpontac, mÐa apotelesmatik  monodi�stath di�dosh thc alusÐdac kat�

ton �xona tou swl na thc. To mikrìtero monop�ti pou kataskeu�zetai krat¸-

ntac ta �kra thc alusÐdac stajer� en¸ kaneÐc suneq¸c sfÐggei (surrikn¸nei)

thn perÐmetro thc alusÐdac, ètsi ¸ste to monop�ti pou prokÔptei na èqei thn

Ðdia topologÐa se sqèsh me tic �llec alusÐdec all� kai me thn Ðdia, lège-

tai to prwtarqikì monop�ti. Efarmìzontac aut n th kataskeu  gia ìlec tic

alusÐdec katal goume se mÐa adropoihmènh (coarse grained) eikìna tou po-

lumerikoÔ t gmatoc h opoÐa apokalÔptei thn meg�lhc klÐmakac topologik 

upo-kataskeu  tou. H leptomer c (fine grained) topologik  plhroforÐa mpo-

reÐ na all�xei kai h adr (coarse grained) topologik  kataskeu  eÐnai autì pou

mènei met� thn olokl rwsh thc diadikasÐac. H teleutaÐa eklamb�netai wc èna

dÐktuo prwtarqik¸n monopati¸n, to opoÐo eÐnai h basik  dom  tou t gmatoc.

Gia na diereun soume tic topologikèc idiìthtec twn grammik¸n polumer¸n

prèpei na epilèxoume mÐa kat�llhlh analutik  antimet¸pish. Up�rqoun dÔo

probl mata pou prèpei na antimetwpÐsoume.

• To pr¸to eÐnai na sqedi�soume ènan algìrijmo o opoÐoc na proso-

moi¸nei ton q¸ro twn polugwnik¸n alusÐdwn, oi opoÐec eÐte èqoun èna stajerì

arijmì akm¸n   o arijmìc twn akm¸n touc mporeÐ na metab�lletai. Up�rqoun

di�fora montèla pou qrhsimopoioÔntai gia na prosomoi¸soun èna sÔsthma

kuklik¸n polumer¸n   anoikt¸n polumerik¸n alisÐdwn [8].

(i) TuqaÐa polÔgwna (  perÐpatoi) plègmatoc : 'Ena polÔgwno plègmatoc

eÐnai mÐa apeikìnish mÐac apl c kleist c kampÔlhc sto epilegìmeno plègma

(p.q. to kubikì plègma). Dhlad , eÐnai mÐa enallassìmenh akoloujÐa ko-
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ruf¸n kai akm¸n sto plègma, ètsi ¸ste kamÐa koruf  tou plègmatoc den

epanalamb�netai kai h mhdenik  kai h teleutaÐa koruf  thc akoloujÐac tau-

tÐzontai. MporeÐ kaneÐc epÐshc na to ekl�bei san ènan perÐpato, o opoÐoc

epanepiskèptetai thn mhdenik  tou koruf  sto teleutaÐo tou b ma kai, kat�

ta �lla, eÐnai auto-apokleiìmenoc[43].

(ii) Kanonik� tuqaÐa polÔgwna (  perÐpatoi) : 'Ena kanonikì tuqaÐo polÔ-

gwno eÐnai mÐa kleist  (kat� tm mata grammik ) kampÔlh ston R3 ìpou ìlec

oi akmèc pou thn apoteloÔn èqoun Ðso m koc. MporeÐ kaneÐc na to ekl�bei san

ènan tuqaÐo perÐpato ston R3 o opoÐoc epistrèfei sto arqikì tou shmeÐo sto

teleutaÐo b ma. Shmei¸noume ìti me pijanìthta èna kanonikì tuqaÐo polÔgwno

eÐnai mÐa apl  kleist  kampÔlh (dhlad  den èqei auto-tomèc)[44].

(iii) Gkaousian� tuqaÐa polÔgwna (  perÐpatoi) : èna Gkaousianì tuqaÐo

polÔgwno eÐnai parìmoio me èna kanonikì tuqaÐo polÔgwno, ìpou k�je akm 

eÐnai èna Gkaousianì tuqaÐo di�nusma [21].

(iv) Omoiìmorfa tuqaÐa polÔgwna (  perÐpatoi) : èna omoiìmorfo tuqaÐo

polÔgwno eÐnai mÐa kleist  (kat� tm mata grammik ) kampÔlh ìpou k�je ak-

m  tou polug¸nou kajorÐzetai epilègontac tuqaÐa èna shmeÐo se mÐa sfaÐra

stajer c aktÐnac (  se opoiod pote sumpagèc kurtì ìgko ston tridi�stato

q¸ro), sÔmfwna me thn omoiìmorfh katanom  [19].

(v) Montèla mp�lac kai sqoinioÔ : Gia na l�bei kaneÐc upìyh to gegonìc

ìti ta monomer  katalamb�noun q¸ro kai ektopÐzoun �lla monomer , mporeÐ

na prosjèsei sklhrèc mp�lec se k�je koruf  enìc apì ta prohgoÔmena dÔo

montèla [45], opìte akmèc ja fanoÔn san sqoini�.

(vi) Montèla me p�qoc : KaneÐc mporeÐ na paqÔnei tic akmèc kanonik¸n

  Gkaousian¸n tuqaÐwn polug¸nwn (  perip�twn) kai na prosèxei autèc oi

paqièc akmèc na eÐnai xènec, ektìc gÔrw apì thn koruf  ìpou dÔo akmèc suna-

nt¸ntai [46].

(vii) SkwlhkoeideÐc alusÐdec : Autì to montèlo eÐnai mÐa eidik  perÐptwsh

twn prohgoÔmenwn. Oi akmèc twn polug¸nwn den eÐnai entel¸c �kamptec kai
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mporoÔn na talanteÔontai kai na k�mptontai. Autì eÐnai èna kalì montèlo gia

polÔ dÔskampta mìria, ìpwc to DNA dÔo qord¸n (double stranded DNA)[47].

Ac parathr soume t¸ra ìti se ìla ta parap�nw montèla up�rqei h pi-

janìthta èna polÔgwno   ènac perÐpatoc na eÐnai peplegmèna. H pijanìthta

na eÐnai peplegmèno èna kuklikì polumerèc (ìpwc to kleistì kuklikì DNA)

èqei melethjeÐ sta [10], [43]. Apì to [10] gnwrÐzoume ìti h pijanìthta èna

polÔgwno n akm¸n se kubikì plègma na mhn eÐnai peplegmèno teÐnei sto mhdèn

kaj¸c to n teÐnei sto �peiro. Autì epibebai¸nei thn upìjesh twn Frisch-

Wasserman-Delbruck ìti ta makri� kuklik� polumer  se kalì di�luma ja

eÐnai peplegmèna me meg�lh pijanìthta. 'Ena pio isqurì apotèlesma eÐnai ìti

h pijanìthta ènac opoiosd pote kìmboc opoioud pote arijmoÔ diastaur¸sewn

na emfanÐzetai san prosjetèoc enìc tuqaÐou perip�tou teÐnei sto 1 kaj¸c to

n teÐnei sto �peiro [49]. Wstìso, h pijanìthta ènac tuqaÐoc perÐpatoc na

diamorf¸sei ènan kìmbo me dojènta arijmì diastaur¸sewn teÐnei sto mhdèn,

kaj¸c to n teÐnei sto �peiro [49].

H pijanìthta ta mìria polumer¸n na eÐnai peplegmèna exart�tai epÐshc

apì to pìso to mìrio eÐnai periorismèno gewmetrik�. Gia par�deigma, ta mìria

DNA pou eÐnai periorismèna se ènan mandÔa i¸n (viral capsids) èqoun polÔ

meg�lh pijanìthta na eÐnai peplegmèna kai h katanom  twn tÔpwn kìmbwn

eÐnai diaforetik  apì thn katanom  twn tÔpwn kìmbwn tou eleÔjerou DNA

se di�luma. To montèlo omoiìmorfou tuqaÐou polug¸nou (URP) [14] qrhsi-

mopoieÐtai gia na diereunhjeÐ h poluplokìthta twn kìmbwn pou dhmiourgoÔn oi

alusÐdec polumer¸n se periorismènouc ìgkouc. K�je akm  tou tuqaÐou perÐ-

patou   polug¸nou kajorÐzetai epilègontac tuqaÐa èna shmeÐo se mÐa mp�la

stajer c aktÐnac sÔmfwna me thn omoiìmorfh katanom .

Up�rqoun orismènoi algìrijmoi pou eÐnai sqediasmènoi gia sust mata me

èna sugkekrimèno arijmì akm¸n, ìpou kaneÐc jèlei na prosomoi¸sei kìmbouc

sto q¸ro ìlwn twn tÔpwn kìmbwn kai na ektim sei th sqetik  suqnìthta

emf�nishc diaforetik¸n tÔpwn kìmbwn. KaneÐc gnwrÐzei apì thn empeirÐa



12

me thn prosomoÐwsh Markobian¸n alusÐdwn gia auto-apwjoÔmenouc perip�-

touc ìti den mporeÐ na qrhsimopoi sei mìno topikèc kin seic kai ìti ja prèpei

na anazht sei mÐa Markobian  alusÐda pou na èqei thn dunatìthta na k�nei

meg�lec allagèc sthn diamìrfwsh (oi alusÐdec kinoÔntai sto q¸ro gia autì wc

mÐa diamìrfwsh configuration ennoeÐtai to p�gwma mÐac alusÐdac mÐa qronik 

stigm ). Tètoioi algìrijmoi eÐnai: h mèjodoc Pivot[34], mèjodoc peristro-

f c Crankshaft [35], h mèjodoc peristrof c Pairwise Crankshaft [12] kai h

mèjodoc Hedgehog [17],[18],[33]. Me autèc tic mejìdouc, tuqaÐa polÔgwna

par�gontai all�zontac mÐa arqik  diamìrfwsh.

• To deÔtero prìblhma ¸ste na diereun soume tic topologikèc idiìthtec

grammik¸n polumer¸n eÐnai na ektim soume th diaplok  kleist¸n kai anoik-

t¸n polugwnik¸n alusÐdwn kai sullog¸n apì anoiktèc, kleistèc kai an�miktec

polugwnikèc alusÐdec.

'Ena par�deigma mÐac prosp�jeiac na oristeÐ, na posotikopoihjeÐ kai na

elègqjeÐ to ti shmaÐnei diaplok  eÐnai autì pou prìteinan oi Q. Tzoumanèkac

kai D. Jeod¸rou sto [5]. Akolouj¸ntac thn optik  tou Edwards, eis -

gagan ton algìrijmo CReTA gia thn anagwg  mÐac atomistik c prosomoÐ-

wshc paragìmenhc apì upologist  se èna {dÐktuo diaplok c} prwtarqik¸n

monopati¸n (Eik. 1.1). Ta kombik� shmeÐa (korufèc) eÐnai oi diaplokèc kai

sugkekrimenopoioÔn th jèsh twn topologik¸n empodÐwn, en¸ oi akmèc eÐnai oi

qordèc pou en¸noun tic diaplokèc. H sunektikìthta tou diktÔou sugkekri-

menopoieÐ to poioc eÐnai peplegmènoc me poiìn kai me poia seir�. Exet�zontac

dÐktua peplegmènwn tuqaÐwn alusÐdwn skwlhkoeidoÔc tÔpou me p�qoc antÐ-

stoiqo me autì tou poluaijulenÐou kai tou 1,4-poluboutadienÐou oloklhrwtik�

isorrophmèno se ìlec tic klÐmakec m kouc qrhsimopoi¸ntac isquroÔc algìrij-

mouc enallag c sundetikìthtac Monte Carlo, basismènouc sthn kÐnhsh end-

bridging [6],[7], parousi�zoun mikroskopik� kajorismènec katanomèc oi opoÐec

perigr�foun statistik� thn topologik  kat�stash eÔkamptwn thgm�twn po-
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lumer¸n.

Sq ma 1.1: (a) Antiproswpeutikì atomistikì deÐgma PE (poluaijulenÐou) kai

(b) to antÐstoiqo paragìmeno dÐktuo

An ta polumer  eÐnai kleist�, ètsi ¸ste na diamorf¸noun èna sÔnolo apì

kÔklouc, kaneÐc mporeÐ na epitrèyei kin seic sto q¸ro, ìso oi alusÐdec den

epitrèpetai na diaper�soun h mÐa thn �llh. Oi ènnoiec twn kìmbwn kai twn

krÐkwn sullamb�noun jemeli¸deic idiìthtec twn diamorf¸sewn. Tìte kaneÐc

mporeÐ na efarmìsei tic gnwstèc mejìdouc apì thn JewrÐa Kìmbwn gia na
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kajorÐsei thn topologÐa twn polumerik¸n alusÐdwn kuklikoÔ sq matoc, ì-

pwc gia par�deigma, to polu¸numo HOMFLYPT [11, 13], to opoÐo mporeÐ na

anagnwrÐsei polloÔc diaforetikoÔc tÔpouc kìmbwn.

'Omwc, oi anoiktèc alusÐdec polumer¸n mporoÔn p�nta na lujoÔn, toul�qi-

ston se meg�lec klÐmakec qrìnou upì thn kÐnhsh twn polumer¸n, kai ètsi den

eÐnai dunatìn na orÐsoume kìmbouc   krÐkouc pou na eÐnai analloÐwtoi gia mÐa

sugkekrimènh alusÐda.

Par�ola aut�, e�n sumbeÐ mÐa antÐdrash kleÐsimou-daktulÐou (ring-closure

reaction), p. q. me èna ènzumo, tìte h diaplok  mporeÐ na egklwbisteÐ wc

kìmboc sto kuklikì polumerikì mìrio pou prokÔptei.

Gia par�deigma, to grammikì DNA mporeÐ na metatrapeÐ se kuklikì D-

NA met� apì mÐa antÐdrash kuklopoÐhshc. Autì mporeÐ kaneÐc na to deÐ me

th qr sh hlektronikoÔ mikroskìpiou. O elaqistikìc arijmìc diastaur¸sewn

mporeÐ tìte na upologisteÐ. MÐa katallhlìterh mèjodoc gia na kajoristeÐ

o arijmìc diastaur¸sewn kìmbwn DNA k�nei qr sh thc hlektrofìrhshc me

gel [3], h opoÐa epitrèpei na diaqwrÐzei kaneÐc peplegmèno DNA Ðsou m kouc

an�loga se diaforetikoÔc tÔpouc tou kìmbwn.

Epistrèfontac sta grammik� polumer  (anoiktèc alusÐdec), se antÐjesh

me ta kuklik� polumer , me thn kÐnhsh sto q¸ro to mìrio den jewreÐtai pe-

plegmèno me thn topologik  ènnoia. Par�ola aut� sunhjÐzoume na antilam-

banìmaste grammik� komm�tia klwst c san na eÐnai peplegmèna   na perièqoun

ènan kìmbo. To er¸thma pou prokÔptei eÐnai p¸c eklamb�noume thn idèa thc

diaplok c se grammik� polumer ; KaneÐc mporeÐ na deqjeÐ thn idèa thc amfi-

bolÐac thc peplegmènhc kat�stashc anoikt¸n klwst¸n kai na qeiristeÐ (  na

qrhsimopoi sei) ton pijanotikì orismì thc diaplok c.

Sugkekrimèna, oi K. Millett, A. Dobay kai A. Stasiak [15] prìteinan mÐa

antimet¸pish gia thn anagn¸rish twn peplegmènwn perioq¸n anoikt¸n po-

lumer¸n, h opoÐa eÐnai polÔ apotelesmatik . H mèjodoc sunÐstatai sthn

an�lush tou f�smatoc twn kìmbwn pou diamorf¸nontai met� apì pollapl�
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Sq ma 1.2: MÐa m  prokateilhmmènh mèjodoc gia to kleÐsimo tuqaÐwn gram-

mik¸n perip�twn. Epilègoume tuqaÐa èna shmeÐo p�nw se mÐa sfaÐra pou peri-

kleÐei èna dojènta perÐpato kai to en¸noume me grammik� tm mata me ta dÔo

�kra tou grammikoÔ perip�tou (ta tm mata aut� eÐnai polÔ megalÔtera apì

ta eujÔgramma tm mata pou apoteloÔn ton perÐpato). Se autì to sq ma, h

di�metroc thc sfaÐrac mei¸jhke shmantik� gia praktikoÔc lìgouc, kai epomè-

nwc den antikatroptÐzei tic pragmatikèc diast�seic thc analuìmenhc proso-

moiwmènhc alusÐdac wc proc thn sfaÐra pou thn perièqei [15].
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kleisÐmata tou Ðdiou anoiktoÔ perip�tou mèsw tuqaÐwn shmeÐwn se mÐa polÔ

meg�lh sfaÐra pou perikleÐei ton perÐpato. To kèntro b�rouc tou analuìme-

nou anoiktoÔ perip�tou topojeteÐtai sto kèntro mÐac meg�lhc sfaÐrac pou

perikleÐei ton perÐpato. Sth sunèqeia, èna tuqaÐo shmeÐo epilegmèno p�nw sth

sfaÐra aut  en¸netai me eujÔgramma tm mata me ta dÔo �kra tou analuìmenou

tuqaÐou perip�tou. Aut  h diadikasÐa kleÐnei ton perÐpato se kìmbo kai ton ka-

jist� upokeÐmeno sth gnwst  topologik  an�lush tou kìmbou pou prokÔptei,

ìpwc ston upologismì tou polu¸numou HOMFLYPT. Ac shmei¸soume ìti

diaforetikèc epilogèc shmeÐou p�nw sth sfaÐra mporeÐ na prokalèsoun di-

aforetikoÔc kìmbouc efìson ta eujÔgramma tm mata pou qrhsimopoioÔntai

gia to kleÐsimo mporeÐ na qreiasteÐ na per�soun an�mesa apì tìxa tou po-

lumeroÔc. K�nontac aut n thn diadikasÐa epilog c enìc shmeÐou tuqaÐa, sth

sfaÐra, sÔmfwna me thn omoiìmorfh katanom  kai kajorÐzontac to polu¸nu-

mo HOMFLYPT k�je for� lamb�noume èna statistik� kalì deÐgma apì to

opoÐo kaneÐc paÐrnei to f�sma twn kìmbwn pou sqetÐzontai me thn en lìgw

alusÐda kai thn en dun�mei, tautopoÐhsh tou kurÐarqou tÔpou kìmbou. Autì

to qarakthrhstikì fr�gma pragmatopoi simwn kìmbwn orÐzei thn diaplok 

mÐas{pagwmènhc} diamìrfwshc mÐac grammik c alusÐdac. DeÐqnetai ìti, sthn

meg�lh pleioyhfÐa twn peript¸sewn, aut  h mèjodoc orÐzei kajar� ton tÔpo

kìmbou pou kuriarqeÐ, dhlad , thn pio isqur  sunist¸sa tou f�smatoc. Se

autèc tic peript¸seic, to apèujeÐac apì �kro eic �kro kleÐsimo dhmiourgeÐ

ènan kìmbo o opoÐoc suqn� sumpÐptei me ton tÔpo tou kìmbou pou kuriar-

qeÐ sto f�sma twn tuqaÐwn kleisim�twn. Sthn perÐptwsh pou èqoume pollèc

alusÐdec, efarmìzontac pollapl� anex�rthta kleisÐmata k�je klwst c, orÐ-

zoume sullogèc apì krÐkouc (Eikìna 1.2). To antÐstoiqo f�sma krÐkwn mporeÐ

na analujeÐ qrhsimopoi¸ntac to polu¸numo HOMFLYPT kai ètsi orÐzetai è-

nac tÔpoc krÐkou pou kuriarqeÐ.
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O stìqoc thc ergasÐac aut c eÐnai na melet soume mÐa epèktash tou arijmoÔ

perièlixhc se sullogèc apì prosanatolismènec anoiktèc polumerikèc alusÐdec

  an�miktec sullogèc anoikt¸n kai kleist¸n polumer¸n, parèqontac ètsi èna

apotelesmatikì kai eÔkola upologÐsimo mètro thc diaplok c sullog¸n apì

anoikt� kai kleist� polumer .

Ja jewr soume èna t gma polumeroÔc, to opoÐo to blèpoume san èna

sÔnolo apì peplegmènec alusÐdec. Gia na metr soume th diaplok  touc, ja

epilèxoume ènan tuqaÐo prosanatolismì gia k�je alusÐda. Shmei¸noume ìti

autì den all�zei thn apìluth tim  tou arijmoÔ perièlixhc metaxÔ dÔo alusÐ-

dwn. Ja montelopoi soume autì to sÔnolo apì peplegmènec alusÐdec san

èna sÔnolo idanik¸n tuqaÐwn perip�twn. 'Enac idanikìc tuqaÐoc perÐpatoc

apoteleÐtai apì eleÔjera enwmèna tm mata Ðsou m kouc ìpou to kajèna den

èqei p�qoc. Aut  h kat�stash den eÐnai potè entel¸c pragmatopoi simh gia

pragmatikèc alusÐdec, all� up�rqoun merikoÐ tÔpoi polumerik¸n susthm�twn

me sqedìn idanikèc alusÐdec. Se mÐa eidik  endi�mesh jermokrasÐa, epono-

mazìmenh "j-jermokrasÐa", oi alusÐdec eÐnai se sqedìn idanikèc diamorf¸seic,

epeid  oi elktikèc kai apwstikèc allhlepidr�seic metaxÔ twn domik¸n mon�-

dwn allhloanairoÔntai. Oi polumerikèc alusÐdec se kaloÔc dialÔtec deÐq-

noun apwstikèc diatmhmatikèc allhlepidr�seic kai �ra akoloujoÔn kanìnec

auto-apwkleiìmenwn tuqaÐwn perip�twn. Se autoÔc touc perip�touc ta tm -

mat� touc den plhsi�zoun to èna to �llo perissìtero apì mÐa sugkekrimènh

apìstash, h opoÐa antikatroptÐzei thn isodÔnamh(effective) di�metro tou po-

lumeroÔc upì tic dojeÐsec sunj kec. Sto [16] deÐqnetai, mèsw arijmhtik¸n

apotelesm�twn, ìti ìtan idanikoÐ tuqaÐoi perÐpatoi katat�ssontai se diafore-

tikoÔc tÔpouc kìmbwn, h asumptwtik  sumperifor� twn diast�sewn k�je

tÔpou kìmbou eÐnai h Ðdia me aut  twn auto-apwjoÔmenwn perip�twn.

Ta parap�nw parousi�zontai kai analÔontai sto kef�laio 7, ìpou orÐ-

zoume ton pÐnaka perièlixhc san èna mètro diaplok c enìc sunìlou anoikt¸n

alusÐ-dwn kai ton upologÐzoume gia idanikoÔc tuqaÐouc perip�touc. Sto ke-
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f�laio 2 orÐzoume kai exhgoÔme thn gewmetrik  ermhneÐa tou arijmoÔ per-

ièlixhc, tou mèsou arijmoÔ diastaur¸sewn, tou arijmoÔ autoperièlixhc kai

thc sustrof c kleist¸n kai anoikt¸n alusÐdwn. Sto kef�laio 3 melet�me tic

idiìthtec twn megej¸n aut¸n kaj¸c oi alusÐdec eÐnai eleÔjerec na kinoÔntai s-

to q¸ro. Sto kef�laio 4 parajètoume k�poia endiafèronta jewr mata gia ton

arijmì dia-staÔr¸sewn idanik¸n perip�twn kai polug¸nwn, en¸ sto kef�laio

5 melet�me thn diaplok  omoiìmorfwn tuqaÐwn perip�twn kai polug¸nwn se

periorismèno q¸ro kai apodeiknÔoume gia pr¸th for� ta jewr mata 5.1.4,

5.2.5. Sto kef�laio 6 parajètoume ta arijmhtik� apotelèsmata twn proso-

moi¸sewn kanonik¸n kai omoiìmorfwn tuqaÐwn perip�twn kai polug¸nwn ta

opoÐa epibebai¸noun thn jewrhtik  mac melèth.



Kef�laio 2

Mètra diaplok c gia anoiktèc

kai kleistèc alusÐdec

2.1 KampÔlec ston q¸ro.

MÐa kampÔlh eÐnai mÐa diaforÐsimh sun�rthsh γ : I → R3 apì èna anoiktì

di�sthma I ston R3.

MÐa kleist  kampÔlh qwrÐc autotomèc onom�zetai kìmboc.

'Enac krÐkoc me n sunist¸sec eÐnai n kleistèc kampÔlec qwrÐc autotomèc

pou den tèmnoun h mÐa thn �llh.

DÔo kìmboi K1 kai K2   krÐkoi eÐnai isodÔnamoi an up�rqei suneq c apeikì-

nish pou apeikonÐzei ton kìmbo K1 kai to q¸ro pou ton perièqei ston kìmbo

K2 kai to q¸ro pou ton perièqei.

Orismìc 2.1.1. Polugwnik  alusÐda eÐnai mÐa apeikìnish X : [a, b] → E2

enìc kleistoÔ diast matoc p�nw sto eukleÐdeio epÐpedo tètoia ¸ste gia k�poia

peperasmènh upodiaÐresh, a = t0 < t1 < . . . < tn = b, h apeikìnish X

periorismènh sto di�sthma ti ≤ t ≤ ti+1 eÐnai grammik , opìte se autì to
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di�sthma X(t) = ti+1−t
ti+1−ti

X(ti) + t−ti
ti+1−ti

X(ti+1). Ta shmeÐa X(ti) gr�fontai en

suntomeÐa Xi kai onom�zontai korufèc thc polugwnik c alusÐdac.

MÐa kleist  polugwnik  alusÐda ja lègetai polÔgwno.

Orismìc 2.1.2. MÐa probol  mÐac polugwnik c kampÔlhc lègetai kanonik 

(generic) an

(1) up�rqoun mìno peperasmèna to pl joc pollapl� shmeÐa, kai ìla ta

pollapl� shmeÐa eÐnai dipl� shmeÐa.

(2) kamÐa koruf  thc kampÔlhc den apeikonÐzetai p�nw se èna diplì shmeÐo

  panw se �llh koruf    p�nw se pleur�.

'Ena epÐpedo probol c kajorÐzetai apì to k�jeto se autì monadiaÐo di�nu-

sma, �ra ìla ta dianÔsmata thc sfaÐrac S2 antistoiqoÔn se ìla ta dunat�

epÐpeda probol c. Ac upojèsoume t¸ra ìti dÔo kampÔlec prob�llontai p�nw

se èna epÐpedo k�jeto se èna di�nusma ξ thc S2. ParathroÔme ìti, afoÔ oi ka-

mpÔlec èqoun peperasmèno m koc, h probol  touc den ja eÐnai kanonik  mìno

gia èna peperasmèno pl joc probol¸n oi opoÐec orÐzontai apì èna pepera-

smèno pl joc meg�lwn kÔklwn sthn S2. Piì sugkekrimèna èstw dÔo tm mata

twn kampul¸n i(i + 1), j(j + 1), sq ma 2.1. To èna tm ma me mÐa korf  tou

�llou sqhmatÐzoun èna trÐgwno ij(j +1) ston q¸ro. Ac p�roume opoiod pote

di�nusma ~α me shmeÐo efarmog c to j p�nw sto ij(j +1). Tìte, prob�llontac

k�jeta sto ~α, ja èqoume ìti sthn probol  h koruf  i ja pèsei p�nw sthn

j(j + 1). 'Ola aut� ta monadiaia dianÔsmata m  epitrept¸n probol¸n eÐnai

sunepÐpeda, �ra brÐskontai p�nw ston Ðdio mègisto kÔklo thc S2, sq ma 2.1.

H ènwsh aut¸n twn meg�lwn kÔklwn eÐnai èna sÔnolo mètrou mhdèn sthn S2,

opìte me pijanìthta èna h probol  twn dÔo kampul¸n se èna epÐpedo k�jeto

se èna di�nusma ξ sthn S2 ja eÐnai kanonik .
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Sq ma 2.1: To èna tm ma me mÐa korf  tou �llou sqhmatÐzoun èna trÐgwno

ij(j + 1) ston q¸ro. Ta monadiaia dianÔsmata m  epitrept¸n probol¸n pou

orÐzei eÐnai sunepÐpeda, �ra brÐskontai p�nw ston Ðdio mègisto kÔklo thc S2

Orismìc 2.1.3. MÐa kanonik  probol  tètoia ¸ste se k�je diplì shmeÐo na

up�rqei h plhroforÐa �nw kai k�tw gia ta tìxa pou diastaur¸nontai onom�ze-

tai di�gramma tou kìmbou (  krÐkou).

O arijmìc diastaur¸sewn twn kampul¸n pou èqoun problhjeÐ se èna

epÐpedo k�jeto sto ξ eÐnai o arijmìc twn dipl¸n shmeÐwn pou prokÔptoun.

2.2 Arijmìc perièlixhc

'Estw dÔo prosanatolismènec kampÔlec sto q¸ro l1, l2 me parametrikopoi seic

γ1(t), γ2(s). 'Estw akìma èna di�gramma tou krÐkou pou apoteleÐtai apì tic

l1, l2 wc proc di�nusma ξ. Se k�je diastaÔrwsh ci metaxÔ twn l1, l2 mÐa apì tic

dunatìthtec sthn Eik. 2.2 mporeÐ na sumbeÐ. Apì sÔmbash, dÐnoume prìshmo

+1 se mÐa diastaÔrwsh tou pr¸tou tÔpou kai −1 se mÐa diastaÔrwsh tou

deÔterou tÔpou. 'Ara, gia k�je di�gramma wc proc di�nusma ξ twn l1, l2 orÐzetai

ènac arijmìc lkξ(l1, l2) wc to misì algebrikì �jroisma twn pros mwn twn

diastaur¸sewn metaxÔ twn l1 kai l2.
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Sq ma 2.2: (a)DiastaÔrwsh me prìshmo +1 kai (b) diastaÔrwsh me prìshmo

−1

lkξ(l1, l2) =
1

2

∑
ci

sign(ci) (2.1)

ìpou ci diastaur¸seic metaxÔ twn l1, l2.

'Estw t¸ra parametrikopoi seic m kouc tìxou twn l1, l2 γ1(t), γ2(s) me

(t, s) ∈ [0, 1]× [0, 1], dhlad  tètoiec ¸ste |γ̇1(t)| = 1 kai |γ̇2(s)| = 1 gia k�je

(t, s) ∈ [0, 1]× [0, 1]. Sto k�je (t, s) mporoÔme na antistoiqÐsoume to monadiaÐo

di�nusma Γ(t, s) = γ1(t)−γ2(s)
|γ1(t)−γ2(s)| = ξ p�nw sthn eujeÐa twn shmeÐwn γ1(t), γ2(s).

E�n jewr soume thn probol  k�jeth sto ξ = Γ(t, s), to pl joc twn dipl¸n

shmeÐwn thc probol c ja eÐnai ìso to pl joc twn zeugari¸n (ti, si) gia ta

opoÐa Γ(t, s) ‖ ξ   Γ(t, s) ‖ −ξ, dhlad  ja eÐnai Ðso me thn plhjikìthta tou

sunìlou Γ−1(ξ) ∪ Γ−1(−ξ), Sq ma 2.3.

An oi l1, l2 eÐnai kleistèc kampÔlec tìte o arijmìc lkξ(l1, l2) eÐnai akèraioc,

den exart�tai apì to epÐpedo probol c kai metr�ei to algebrikì pl joc twn

for¸n pou peristrèfetai h mÐa kampÔlh gÔrw ap'thn �llh sto q¸ro. An ìmwc

mÐa apì tic dÔo eÐnai anoikt , o arijmìc lkξ(l1, l2) den eÐnai akèraioc kai mporeÐ

na metab�lletai apì probol  se probol , �ra den eÐnai kal� orismènoc gia

tic kampÔlec l1, l2. Gia autì ja orÐsoume th mèsh tim  touc L(l1, l2)(pou den

exart�tai apì thn probol ). Gia to skopì autì diamerÐzoume thn epif�neia

thc sfaÐrac se peperasmènec to pl joc epimèrouc epif�neiec embadoÔ Aξ kai

jewroÔme ìti to lkξ(l1, l2) eÐnai topik� stajerì sthn epif�neia Aξ (dhlad ,

jewroÔme thn Aξ epÐpedh �ra orÐzei èna monadikì k�jeto di�nusma ξ). Tìte h

mèsh tim  E[lkξ(l1, l2)] thc diakrit c tuqaÐac metablht c lkξ(l1, l2) eÐnai :
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Sq ma 2.3: Sto k�je (t, s) mporoÔme na antistoiqÐsoume to monadiaÐo di�nusma

Γ(t, s) = γ1(t)−γ2(s)
|γ1(t)−γ2(s)| = ξ p�nw sthn eujeÐa twn shmeÐwn γ1(t), γ2(s). E�n jew-

r soume thn probol  k�jeth sto ξ = Γ(t, s), to pl joc twn dipl¸n shmeÐwn

thc probol c ja eÐnai Ðso me thn plhjikìthta tou sunìlou Γ−1(ξ)∪Γ−1(−ξ).
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E[lkξ(l1, l2)] =
∑

ξ∈δn

lkξ(l1, l2)pξ (2.2)

ìpou pξ, h gewmetrik  pijanìthta na epilèxoume to di�nusma ξ thc S2, eÐnai

pξ =
Aξ

A
ìpou Aξ eÐnai to embadìn thc epif�neiac Aξ thc diamèrishc kai A to

embadìn thc S2. 'Ara,

E[lkξ(l1, l2)] =
∑

ξ∈δn

lkξ(l1, l2)pξ =
∑

ξ∈δn

lkξ(l1, l2)
Aξ

A
=

1

A

∑

ξ∈δn

lkξ(l1, l2)Aξ

(2.3)

Gia akoloujÐa diamerÐsewn δn thc S2 tètoia ¸ste µ(δn) → 0 paÐrnoume to

ìrio thc parap�nw sqèshc

L(l1, l2) = lim
µ(δn)→0

E[lkξ(l1, l2)] (2.4)

Autì eÐnai to epifaneiakì olokl rwma

L(l1, l2) =
1

4π

∫∫

ξ∈S2

lkξ(l1, l2)dA (2.5)

Prokeimènou t¸ra na per�soume se èna diplì olokl rwma gia ton tÔpo

tou L(l1, l2) skeptìmaste wc ex c:

Gia mÐa diamèrish Dm tou [0, 1] × [0, 1] mèsw thc apeikìnishc Γ : [0, 1] ×
[0, 1] → S2 antistoiqeÐ mÐa diamèrish δm thc S2. Gia thn diamèrish δm èqoume

E[lkξ(l1, l2)] =
∑

ξ∈δm

lkξ(l1, l2)pξ

=
1

4π

∑

ξ∈δm

1

2

∑

(s,t)∈Γ−1(ξ)∪Γ−1(−ξ)

sign(s, t)Aξ

(2.6)

'Omwc gia k�je (s, t) ∈ Γ−1(ξ) ∪ Γ−1(−ξ) eÐnai sign(s, t)Aξ = Γ(s, t) ·
γ̇1(t)×γ̇2(s)
|γ1(t)−γ2(s)|2 ∆s∆t, diìti Γ(s, t), γ̇1(t)

|γ1(t)−γ2(s)| ,
γ̇2(t)

|γ1(t)−γ2(s)| eÐnai anhgmèna sthn Ðdia

mon�da m kouc kai to exwterikì ginìmeno twn γ̇1(t)
|γ1(t)−γ2(s)| ,

γ̇2(t)
|γ1(t)−γ2(s)| èqei mètro
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Sq ma 2.4: To Γ(s, t) · (γ̇1(t)× γ̇2(s)) ja eÐnai +1   −1 an�loga me tic topikèc

jèseic twn dÔo kampÔlwn.

|γ̇1(t)×γ̇2(s)|
|γ1(t)−γ2(s)|2 = | sin( ̂γ̇1(t), γ̇2(s))|. 'Ara, to embadìn Aξ gr�fetai sunart sei twn

∆s, ∆t wc Aξ = | sin( ̂γ̇1(t), γ̇2(s))|∆s∆t.

Tèloc, to eswterikì ginìmeno tou Γ(s, t) me to monadiaÐo suggramikì tou

γ̇1(t)×γ̇2(s) ja eÐnai +1   −1 an�loga me tic topikèc jèseic twn dÔo kampÔlwn,

Sq ma 2.4.

'Ara,

E[lkξ(l1, l2)] =
1

8π

∑

ξ∈δm

∑

(s,t)∈Γ−1(ξ)∪Γ−1(−ξ)

Γ(s, t) · γ̇1(t)× γ̇2(s)

|γ1(t)− γ2(s)|2 ∆s∆t

=
1

8π

∑

ξ∈δm

( ∑

(s,t)∈Γ−1(ξ)

Γ(s, t) · γ̇1(t)× γ̇2(s)

|γ1(t)− γ2(s)|2 ∆s∆t

+
∑

(s,t)∈Γ−1(−ξ)

Γ(s, t) · γ̇1(t)× γ̇2(s)

|γ1(t)− γ2(s)|2 ∆s∆t
)

=
1

8π
2

∑

ξ∈δm

( ∑

(s,t)∈Γ−1(ξ)

Γ(s, t) · γ̇1(t)× γ̇2(s)

|γ1(t)− γ2(s)|2 ∆s∆t
)

=
1

4π

∑

(s,t)∈Dm

Γ(s, t) · γ̇1(t)× γ̇2(s)

|γ1(t)− γ2(s)|2 ∆s∆t

(2.7)

Gia akoloujÐa diamerÐsewn Dm thc [0, 1] × [0, 1] tètoia ¸ste µ(Dm) → 0

paÐrnoume to ìrio thc parap�nw sqèshc pou eÐnai to diplì olokl rwma
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L(l1, l2) = lim
µ(Dm)→0

E[lkξ(l1, l2)] =
1

4π

∫

[0,1]

∫

[0,1]

(γ̇1(t), γ̇2(s), γ1(t)− γ2(s))

|γ1(t)− γ2(s)|3
dt ds

(2.8)

H parap�nw an�lush exhgeÐ ton orismì pou èdwse o arqik� Gauss gia ton

arijmì perièlixhc.

Orismìc 2.2.1 (Gauss). O arijmìc perièlixhc kat� Gauss dÔo prosana-

tolismènwn kampÔlwn l1 kai l2, twn opoÐwn h parametrikopoÐhsh eÐnai γ1(t), γ2(s)

orÐzetai san èna diplì olokl rwma p�nw apì tic l1 kai l2:

L(l1, l2) =
1

4π

∫

[0,1]

∫

[0,1]

(γ̇1(t), γ̇2(s), γ1(t)− γ2(s))

|γ1(t)− γ2(s)|3
dtds (2.9)

ìpou (γ̇1(t), γ̇2(s), γ1(t) − γ2(s)) eÐnai to meiktì ginìmeno twn γ̇1(t), γ̇2(s)

kai γ1(t)− γ2(s).

SÔmfwna me thn parap�nw an�lush o arijmìc L(l1, l2) den exart�tai apì

to epÐpedo probol c twn l1 kai l2 kai sthn perÐptwsh pou autèc eÐnai anoiktèc

kai sthn perÐptwsh pou autèc eÐnai kleistèc.

Sth sunèqeia, ja prosarmìsoume ton arijmì perièlixhc sthn perÐptwsh

pou oi l1, l2 eÐnai dÔo polugwnikèc kampÔlec. Gia dÔo prosanatolismèna polÔ-

gwna X̄ = (X0, X1, . . . , Xn) kai Ȳ = (Y0, Y1, . . . , Yn) , twn opoÐwn h parametri-

kopoÐhsh eÐnai γ1(t), γ2(s) antÐstoiqa, autì mporoÔme na to ekfr�soume san

L(X̄, Ȳ ) =
1

4π

∫

[0,1]

∫

[0,1]

(γ̇1(t), γ̇2(s), γ1(t)− γ2(s))

|γ1(t)− γ2(s)|3
dtds

=
1

4π

∑
1≤i,j≤n

∫

[0,1]

∫

[0,1]

(l̇i(t), l̇j(s), li(t)− lj(s))

|li(t)− lj(s)|3
dtds

(2.10)
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ìpou li(t) = (t−1)Xi−1+tXi eÐnai h parametrikopoÐhsh thc akm c Xi−1Xi,

lj(s) = (s − 1)Yj−1 + sYj eÐnai h parametrikopoÐhsh thc akm c Yj−1Yj, kai

l̇i(t) = Xi−1 + Xi, l̇j(s) = Yj−1 + Yj.

Parat rhsh 2.2.2. (i) O arijmìc perièlixhc isoÔtai me ton algebrikì a-

rijmì twn for¸n pou h kampÔlh γ2 pern� mèsa apì thn epif�neia S1 me thn

γ1 wc perÐmetro [28].

(ii) Gia dÔo kleistèc kampÔlec o arijmìc perièlixhc mporeÐ na ekfrasteÐ

san ton bajmì hc apeikìnishc Γ(t, s) = γ1(t)−γ2(s)
|γ1(t)−γ2(s)| apì ton tìro sthn sfaÐra

[29].

O arijmìc perièlixhc dÔo prosanatolismènwn kampul¸n èqei tic parak�tw

idiìthtec :

(i) to L(l1, l2) isoÔtai me to misì arijmì twn diastaur¸sewn me prìshmo

twn dÔo kampÔlwn ìpwc eÐnai oratì se opoiad pote kanonik  probol .

(ii) to L(l1, l2) eÐnai anex�rthto apì ton prosanatolismì twn kampÔlwn.

(Gia dÔo tuqaÐec kampÔlec, o L(l1, l2) all�zei prìshmo e�n mÐa apì tic dÔo

kampÔlec all�xei ton prosanatolismì thc.)

O upologismìc tou oloklhr¸matoc Gauss mporeÐ na eÐnai epÐponoc, gia

autì ja doÔme t¸ra èna par�deigma aploÔ trìpou upologismoÔ tou arijmoÔ

perièlixhc dÔo akm¸n l1, l2.

Par�deigma 1 'Estw e1 = (X0, X1) kai e2 = (Y0, Y1) 'Estw kai dÔo

akmèc me ton prosanatolismì pou ep�gei h seir� twn koruf¸n (Eik. 2.5). O

arijmìc perièlix c touc tìte eÐnai

L(e1, e2) =
1

4π

∫

[0,1]

∫

[0,1]

(l̇1(t), l̇2(s), l1(t)− l2(s))

|l1(t)− l2(s)|3
dtds (2.11)
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Sq ma 2.5: O arijmìc perièlixhc twn dÔo akm¸n eÐnai Ðsoc me to misì tou

phlÐkou tou prosanatolismènou embadoÔ twn dÔo antidiametrik¸n sfairik¸n

gwnÐwn proc to embadì ìlhc thc sfaÐrac [26].

ìpou l1(t) = te1 eÐnai h parametrikopoÐhsh thc akm c e1

l2(s) = se2 eÐnai h parametrikopoÐhsh thc akm c e2, kai l′1 = e1, l
′
2 = e2.

Aut  h posìthta anaparist� th gewmetrik  pijanìthta h akm  X0X1 na

tèmnei thn akm  Y0Y1 ìtan problhjoÔn kat� èna di�nusma ξ ∈ S2 kai eÐnai Ðsh

me to phlÐko tou prosanatolismènou embadoÔ dÔo antidiametrik¸n stere¸n

gwni¸n proc to embadì ìlhc thc sfaÐrac [26]. Apì thn EukleÐdeia gewmetrÐa

gnwrÐzoume ìti to embadìn enìc kurtoÔ polug¸nou n pleur¸n isoÔtai me to

èna ìgdoo thc sfaÐrac epÐ thn uperoq  tou ajroÐsmatoc twn gwni¸n tou upèr

twn 2(n− 2) orj¸n, ekfrasmèno se orjèc gwnÐec, dhlad  gia n = 4

E(ABΓ∆) =
4π

8

Â + B̂ + Γ̂ + ∆̂− 2(4− 2)π
2

π
2

= Â + B̂ + Γ̂ + ∆̂− 2π

(2.12)

Dhlad  to embadì autì mporeÐ na ekfrasteÐ se ìrouc twn gwni¸n tou

sfairikoÔ polug¸nou,kai k�je tètoia gwnÐa eÐnai mÐa dÐedrh gwnÐa tou tetraè-
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drou me korufèc X0X1Y0Y1. Jètoume d(i, j, k, l) = h dÐedrh gwnÐa apì to

trÐgwno XiXkYj proc to trÐgwno XiYjYl sthn akm  XiYj. Tìte èqoume

L(e1, e2) =
1

4π

∫

[0,1]

∫

[0,1]

(l̇1(t), l̇2(s), l1(t)− l2(s))

|l1(t)− l2(s)|3
dtds

=
1

4π
c12(−2π + d(0, 0, 1, 1) + d(1, 0, 0, 1) + d(1, 1, 0, 0) + d(0, 1, 1, 0)).

(2.13)

ìpou c12 eÐnai to prìshmo thc tom c an�mesa stic akmèc e1 kai e2 se

opoiad pote probol  tèmnontai.

Parat rhsh 2.2.3. O parap�nw tÔpoc gia ton arijmì perièlixhc dÔo prosana-

tolismènwn akm¸n, den mac dÐnei ènan akèraio arijmì, afoÔ to prosanatoli-

smèno embadì twn dÔo antidiametrik¸n stere¸n gwnÐwn stic opoÐec oi dÔo

akmèc tèmnontai eÐnai austhr� mikrìtero apì 4π. Shmei¸ste epÐshc ìti den

mporeÐ na eÐnai Ðso me to mhdèn, epeid  to embadìn pou orÐzeta apì dÔo mh-

par�llhlec akmèc mh mhdenikoÔ m kouc se mÐa apìstash d ja eÐnai p�nta

megalÔtero tou mhdenìc. (Apì thn EukleÐdeia gewmetrÐa gnwrÐzoume ìti to

�jroisma ìlwn twn gwni¸n enìc sfairikoÔ polug¸nou me tèsseric akmèc u-

perbaÐnei tic 4 orjèc kai eÐnai mikrìtero twn 12 orj¸n).

2.3 Mèsoc arijmìc diastaur¸sewn

Sto [48] deÐqnetai ìti o mèsoc arijmìc diastaur¸sewn a(l1, l2) metaxÔ dÔo

akm¸n l1 kai l2 dÐnetai apì

a(l1, l2) =
1

4π

∫

s

∫

t

|(γ̇1(t), γ̇2(s), γ1(t)− γ2(s))|
|γ1(t)− γ2(s)|3

dtds, (2.14)

ìpou γ1 kai γ2 eÐnai oi parametrikopoi seic tou m kouc tìxou twn l1 kai l2

antÐstoiqa.
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'Estw X = (X0, X1, . . . , Xn) mÐa prosanatolismènh polugwnik  alusÐda

se genik  jèsh kai γ(t) h parametrikopoÐhs  thc.

Tìte o mèsoc arijmìc diastaur¸sewn mÐac prosanatolismènhc anoikt c

alusÐdac, χn orÐzetai wc [17]

χn =
1

2

∑
1≤i,j≤n

a(li, lj) (2.15)

ìpou a(li, lj) eÐnai o mèsoc arijmìc diastaur¸sewn metaxÔ twn akm¸n li kai

lj tou X.

OmoÐwc, èstw X = (X0, X1, . . . , Xn) kai Y = (Y0, Y1, . . . , Yn) dÔo polu-

gwnikèc alusÐdec se genik  jèsh kai γ1(t), γ2(s) h parametrikopoÐhsh thc X

kai Y antÐstoiqa. Tìte o mèsoc arijmìc diastaur¸sewn dÔo prosanatoli-

smènwn anoikt¸n alusÐdwn , χ′n orÐzetai wc [17]

χ′n =
1

2

∑
1≤i,j≤n

a(li, l
′
j) (2.16)

ìpou a(li, l
′
j) eÐnai o mèsoc arijmìc diastaur¸sewn metaxÔ twn akm¸n li kai

l′j tou X kai Y antÐstoiqa.

2.4 Sustrof 

'Estw prosanatolismènoc kìmboc K kai èstw di�gramma Kξ sto epÐpedo k�-

jeto sto ξ. Tìte mporoÔme na orÐsoume ton arijmì sustrof c (writhe) tou

sugkekrimènou diagr�mmatoc

wr(Kξ) =
∑
ci

sign(ci) (2.17)

ìpou ci diastaÔrwsh tou Kxi.
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Profan¸c o arijmìc wr(Kξ) exart�tai apì to epÐpedo probol c. Gia autì

paÐrnoume p�li ton mèso ìro wc proc ìlec tic dunatèc probolèc, to opoÐo

kataqrhstik� epÐshc ja onom�soume sustrof , all� aut  th for� tou kìmbou

K kai ìqi k�poiac probol c. Genikìtera orÐzoume ton arijmì sustrof c mÐac

prosanatolismènhc kampÔlhc eÐte aut  eÐnai anoikt  eÐte kleist .

Orismìc 2.4.1. H sustrof  mÐac prosanatolismènhc kampÔlhc l, thc opoÐac

h parametrikopoÐhsh kat� m koc tìxou eÐnai γ(t), orÐzetai apì to olokl rwma

kat� Gauss p�nw se mÐa kleist  kampÔlh [9]

Wr(l) =
1

4π

∫

[0,1]∗

∫

[0,1]∗

(γ̇(t), γ̇(s), γ(t)− γ(s))

|γ(t)− γ(s)|3 dtds (2.18)

ìpou [0, 1]∗ × [0, 1]∗ = {(x, y) ∈ [0, 1]× [0, 1]|x 6= y}.

H sustrof  enìc kìmbou eÐnai o mèsoc arijmìc apì diastaur¸seic me

prìshmo pou mporeÐ na deÐ kaneÐc kaj¸c koit�zei ton kìmbo apì opoiad -

pote kateÔjunsh ston trisdi�stato q¸ro. Oloklhr¸nontac thn apìluth tim 

thc sustrof c paÐrnoume thn mèsh tim  tou arijmoÔ diastaur¸sewn , dhlad 

thn mèsh tim  twn diastaur¸sewn pou eÐnai oratèc apì ìlec tic kateujÔnseic

ston tridi�stato q¸ro.

Gia èna prosanatolismèno polÔgwno X̄ = (X0, X1, . . . , Xn) h parametriko-

poÐhsh tou m kouc tìxou tou opoÐou eÐnai γ, mporoÔme na to ekfr�soume autì

san

Wr(X̄) =
1

4π

∫

[0,1]

∫

[0,1]

(γ̇(t), γ̇(s), γ(t)− γ(s))

|γ(t)− γ(s)|3 dtds

=
1

4π

∑
1≤i,j≤n

∫

[0,1]

∫

[0,1]

(l̇i(t), l̇j(s), li(t)− lj(s))

|li(t)− lj(s)|3
dtds

(2.19)

ìpou li(t) = (t − 1)Xi−1 + tXi eÐnai h parametrikopoÐhsh thc akm c Xi−1Xi,

lj(s) = (s − 1)Xj−1 + sXj eÐnai h parametrikopoÐhsh thc akm c Xj−1Xj, kai

l̇i(t) = Xi−1 + Xi, l̇j(s) = Xj−1 + Xj.
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H sustrof  mÐac prosanatolismènhc anoikt c   kleist c kampÔlhc èqei

tic parak�tw idiìthtec [36]:

(i) to Wr(l) isoÔtai ton arijmì twn jetik¸n diastaur¸sewn thc kampÔlhc

me ton eautì thc meÐon ton arijmì twn arnhtik¸n diastaur¸sewn thc kampÔlhc

me ton eautì thc, oloklhrwmènon wc proc ìlec tic dunatèc gwnÐec probol c

(dhlad  ìlec tic probolèc sthn sfaÐra S2).

(ii) to Wr(l) eÐnai anex�rthto tou prosanatolismoÔ thc kampÔlhc.

2.5 Arijmìc autoperièlixhc

Orismìc 2.5.1. O arijmìc autoperièlixhc (self-linking number) mÐac prosana-

tolismènhc kampÔlhc l, thc opoÐac h parametrikopoÐhsh eÐnai γ(t), orÐzetai [22]

mèsw tou oloklhr¸matoc kat� Gauss p�nw sto [0, 1]∗ × [0, 1]∗ = {(x, y) ∈
[0, 1]× [0, 1]|x 6= y} prosjètontac se autì ènan diorjwtikì ìro ètsi ¸ste na

eÐnai mÐa analloÐwth gia kadrarismènouc kìmbouc [22],[27],[26],

SL(l) =
1

4π

∫

[0,1]∗

∫

[0,1]∗

(γ̇(t), γ̇(s), γ(t)− γ(s))

|γ(t)− γ(s)|3 dtds

+

∫

[0,1]

(γ′(t)× γ′′(t)) · γ′′′(t)
|γ′(t)× γ′′(t)|2 dt,

(2.20)

ìpou τ(t) = (γ′(t)×γ′′(t))·γ′′′(t)
|γ′(t)×γ′′(t)|2 eÐnai h olik  strèyh thc kampÔlhc h opoÐa

metr� to kat� pìso mÐa kampÔlh apèqei apì to na eÐnai epÐpedh.

Gia èna prosanatolismèno polÔgwno X̄ = (X0, X1, . . . , Xn), h parametriko-

poÐhsh tou m kouc tìxou tou opoÐou eÐnai γ, mporoÔme na to ekfr�soume to

SL(X̄) wc
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SL(X̄) =
1

4π

∫

[0,1]

∫

[0,1]

(γ̇(t), γ̇(s), γ(t)− γ(s))

|γ(t)− γ(s)|3 dtds

+

∫

[0,1]

(γ′(t)× γ′′(t)) · γ′′′(t)
|γ′(t)× γ′′(t)|2 dt ⇔

SL(X̄) =
1

4π

∑
1≤i,j≤n

∫

[0,1]

∫

[0,1]

(l̇i(t), l̇j(s), li(t)− lj(s)

|li(t)− lj(s)|3
dtds

+

∫

[0,1]

(γ′(t)× γ′′(t)) · γ′′′(t)
|γ′(t)× γ′′(t)|2 dt

(2.21)

ìpou li(t) = (t−1)Xi−1+tXi eÐnai h parametrikopoÐhsh thc akm c Xi−1Xi,

lj(s) = (s − 1)Xj−1 + sXj eÐnai h parametrikopoÐhsh thc akm c Xj−1Xj, kai

l̇i(t) = Xi−1 + Xi, l̇j(s) = Xj−1 + Xj.

Ja deÐxoume t¸ra ènan diaforetikì trìpo ermhneÐac kai upologismoÔ tou

diorjwtikoÔ ìrou gia polÔgwna. 'Estw X = (X0, X1, . . . , Xm−1) èna polÔ-

gwno sto q¸ro. Jètoume Ti = Xi+1−Xi

||Xi+1−Xi|| to monadiaÐo efaptìmeno di�nusma

sthn kateÔjunsh thc st c akm c. Jètoume Bi = Ti−1×Ti

||Ti−1×Ti|| na eÐnai to monadiaÐo

dik�jeto di�nusma sto prosanatolismèno epÐpedo pou perièqei tic dÔo akmèc

tou X sto Xi. Ta dianÔsmata Bi kai Bi+1 eÐnai orjog¸nia sto Ti �ra to

Bi × Bi+1 eÐnai pollapl�sio tou Ti. Jètoume fi(X) = ±1 an�loga me to

prìshmo tou Bi × Bi+1 · Ti, apodÐdontac to e�n h i−ost  akm  èqei arnhtik 

  jetik  strèyh. H gwnÐa strèyhc φi(X) eÐnai h proshmasmènh gwnÐa apì to

Bi sto Bi+1 sto prosanatolismèno epÐpedo pou eÐnai k�jeto sto Ti.

Gia k�je shmeÐo ξ thc S2, jètoume Pξ thn orjog¸nia probol  tou polug¸nou.

E�n ta Pξ(Xi−1) kai Pξ(Xi+2) keÐntai se apènanti pleurèc thc gramm c an�mesa

twn Pξ(Xi) kai Pξ(Xi+1), kai jètoume Fi(X, ξ) = fi(X) sthn pr¸th perÐptwsh

kai Fi(X, ξ) = 0 alli¸c, sq mata 2.6,2.7.

To �jroisma F (X, ξ) =
∑

i Fi(X, ξ) eÐnai to algebrikì �jroisma twn ak-

m¸n kamp c (inflection edge)tou X sthn kateÔjunsh ξ.
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Sq ma 2.6: (a)Ta Pξ(Xi−1) kai Pξ(Xi+2) keÐntai se apènanti pleurèc thc

gramm c metaxÔ twn Pξ(Xi) kai Pξ(Xi+1). Jètoume Fi(X, ξ) = fi(X)

Sq ma 2.7: (b)ta Pξ(Xi−1) kai Pξ(Xi+2) keÐntai sthn Ðdia pleur� thc gramm c

an�mesa twn Pξ(Xi) kai Pξ(Xi+1), kai jètoume Fi(X, ξ) = 0
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Sthn perÐptwsh mÐac polugwnik c kampÔlhc o ìroc
∫

[0,1]
τ(t)dt mporeÐ na

grafteÐ wc 1
4π

∫
ξ∈S2

∑
i Fi(X, ξ)dA pou anaparist� to F (Xi) epÐ thn gewmetrik 

pijanìthta to Pξ(X) na èqei mÐa akm  kamp c sto Pξ(Xi − Xi+1) gia k�je

akm  thc polugwnik c kampÔlhc. Sth gramm  pou orÐzoun ta XiXi+1, ta

dÔo hmiepÐpeda pou perièqoun ta Xi−1 kai Xi+2 antÐstoiqa, dhmiourgoÔn mÐ-

a sf na, kai h probol  Pξ(X) èqei mÐa akm  an�klashc sto Pξ(Xi − Xi+1)

an kai mìno an to di�nusma ξ kai −ξ me kèntro to mèso thc akm c keÐtai

mèsa sthn sf na. To embadìn thc atr�ktou p�nw sth sfaÐra eÐnai Ðso me

(dÐedrh gwnÐa thc sf nac sthn XiXi+1)
4π
2π

. 'Ara h pijanìthta h probol  thc

akm c XiXi+1 tou polug¸nou X wc proc tuqaÐo di�nusma ξ p�nw sth sfaÐ-

ra, Pξ(X), na eÐnai mÐa akm  an�klashc eÐnai Ðsh me 2·embadìn atr�ktou pou

orÐzei h sf na. SumperaÐnoume ìti
∫

ξ∈S2 Fi(X, ξ)dA = 4F (Xi)·(dÐedrh gwnÐ-

a thc sf nac sth XiXi+1) = 4F (Xi)d(i, i + 1, i − 1, i + 2). All� to F (Xi)

pollaplasiasmèno me aut n thn dÐedrh gwnÐa eÐnai akrib¸c h proshmasmènh

gwnÐa φi(X) metaxÔ twn dianusm�twn Bi kai Bi+1, kai �ra

∫

[0,1]

τ(t)dt =
1

4π

1

2

∫

ξ∈S2

∑
i

Fi(X, ξ)dA =
1

2π

∑
i

φi(X) (2.22)

Aut  h posìthta anaparist� thn sunolik  peristrof  tou dik�jetou di-

anÔsmatoc gÔrw apì to efaptìmeno di�nusma τ(X) =
∑

i φi(X).

O arijmìc autoperièlixhc mÐac kampÔlhc l èqei tic parak�tw idiìthtec [22]:

(i) to SL(l) isoÔtai me to misì tou algebrikoÔ arijmoÔ diastaur¸sewn thc

kampÔlhc me ton eautì thc ìpwc faÐnetai se opoiod pote epÐpedo probol c.

(ii) to SL(l) eÐnai anex�rthto tou prosanatolismoÔ thc kampÔlhc.
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'Enac enallaktikìc orismìc tou arijmoÔ perièlixhc L(l1, l2) kai tou arijmoÔ

autoperièlixhc SL(l) gÐnetai wc ex c. Ac fantastoÔme ton èna apì touc dÔo

kìmbouc l1 san èna train�ki, kai ìti emeÐc kajìmaste sto mprostinì bagìni tou

traÐnou. Se k�je shmeÐo oi r�gec koitoÔn èxw apì ton kìmbo sthn kateÔjunsh

tou k�jetou dianÔsmatoc, kai kaj¸c to bagìni taxideÔei mazÐ me tic r�gec, to

kef�li mac deÐqnei p�nta proc ta ep�nw. Ac upojèsoume ìti to kef�li mac eÐnai

akÐnhto se mÐa jèsh, ètsi ¸ste na mporoÔme na koit�me mìno eujeÐa mprost�.

PoÔ kai poÔ mporeÐ na doÔme èna tm ma thc �llhc sunist¸sac l2 na brÐsketai

akrib¸c mèsa sto pedÐo oratìtht�c mac. Aut� ta shmeÐa o W. F. Pohl [22]

ta onom�zei cross tangents thc l1 wc proc thn l2. Ta shmeÐa aut� ta metr�me

me to kat�llhlo prìshmo, pou exart�tai apì thn kateÔjunsh thc sunist¸sac

l2 kai thn kateÔjunsh sthn opoÐa taxideÔoume. To train�ki stamat�ei ìtan

ft�soume sto shmeÐo ekkÐnhshc. Tìte o arijmìc perièlixhc L(l1, l2) orÐzetai

wc to misì tou ajroÐsmatoc twn pros mwn twn cross tangents thc l1 wc proc

thn l2.

OmoÐwc, o arijmìc autoperièlixhc SL(l) orÐzetai wc to misì tou ajroÐ-

smatoc twn pros mwn twn cross tangents thc l wc proc ton eautì thc. Ka-

j¸c kinoÔmaste p�nw sthn kampÔlh l h parap�nw diadikasÐa sÐgoura metr�ei

to Wr(l), ìmwc lìgw tou ìti to kef�li mac eÐnai akÐnhto h diadikasÐa aut 

sumperilamb�nei kai thn olik  strèyh thc kampÔlhc. Autìc Ðswc eÐnai o pio

fusikìc orismìc gia ton arijmì autoperièlixhc. Qrhsimopoi¸ntac ton para-

p�nw orismì eÐnai eÔkolo na doÔme ìti, an mÐa leÐa kampÔlh l me mh mhdenik 

kurtìthta pantoÔ metakinhjeÐ kat� mÐa mikr  apìstash apì ton eautì thc proc

thn kateÔjunsh twn kÔriwn k�jetwn dianusm�twn thc se mÐa nèa kampÔlh lε,

tìte o algebrikìc arijmìc twn cross tangents thc l wc proc ton eautì thc

eÐnai Ðsoc me ton algebrikì arijmì twn cross tangents thc l wc proc thn lε.

Dhlad  o arijmìc perièlixhc thc l me thn lε eÐnai anex�rthtoc tou ε gia ε

arket� mikrì kai autìc o arijmìc lègetai arijmìc auto-perièlixhc thc l [22],

dhlad  o arijmìc autoperièlixhc eÐnai to L(l, lε).
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Sq ma 2.8: E�n p�roume to parallhlìgrammo 0 ≤ x ≤ 1, 0 ≤ y − x ≤ 1 kai

tautÐsoume tic k�jetec pleurèc paÐrnoume to S(C).

OrÐzontac ton arijmì autoperièlixhc wc to misì tou algebrikoÔ arijmoÔ

twn cross tangents thc kampÔlhc l me ton eautì thc, paÐrnoume ton tÔpo 2.20

wc ex c:

'Estw C o kÔkloc kai èstw γ : C → E3 h parametrikopoÐhsh mÐac apl c

diaforÐsimhc kampÔlhc l t�xhc C1. 'Estw akìmh S(C) o q¸roc twn dieujÔn-

sewn twn qord¸n pou orÐzoun ta zeÔgh shmeÐwn p�nw ston kÔklo C. O S(C)

eÐnai mÐa diaforÐsimh pollaplìthta me sÔnoro. To eswterikì tou apoteleÐtai

apì to C × C −∆ ìpou ∆ = (x, x) ⊂ C × C kai to sÔnoro eÐnai to sÔnolo

twn monadiaÐwn efaptìmenwn dianusm�twn tou C. To S(C) kataskeu�zetai

antikajist¸ntac sto C × C to ∆ apì to sÔnolo twn monadiaÐwn k�jetwn

dianusm�twn se autì. To apotèlesma mporeÐ na anaparastajeÐ gewmetrik�

kìbontac to C ×C kat� m koc tou ∆. IsodÔnama, blèpoume to C ×C san to

kartesianì epÐpedo modulo shmeÐa thc morf c (m,n),m, n akèraioi. To S(C)

eÐnai to parallhlìgrammo 0 ≤ x ≤ 1, 0 ≤ y − x ≤ 1 sto opoÐo jewroÔme ìti

oi k�jetec pleurèc tautÐzontai mèsw thc taÔtishc (0, y) ≡ (1, 1 + y) (Eikìna

2.8).

Se k�je (x, y) ∈ C×C−∆ antistoiqoÔme to monadiaÐo di�nusma e1(x, y) ∈
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E3 me kateÔjunsh apì to γ(x) sto γ(y). Se k�je t ∈ ∂S(C) antistoiqoÔme to

monadiaÐo efaptìmeno di�nusma e1(t) = t wc èna monadiaÐo di�nusma tou E3.

Aut  h apeikìnish e1 : S(C) → S2 eÐnai diaforÐsimh, ìpwc èqei apodeiqjeÐ sto

[23]. Se k�je (x, y) ∈ C×C−∆ tètoio ¸ste h efaptomènh thc γ sto x na mhn

pern�ei apì to γ(y) (dhlad  to (x, y) den eÐnai cross tangents) antistoiqoÔme

to e2(x, y), to monadiaÐo di�nusma sto epÐpedo pou orÐzei h efaptomènh thc

γ sto x kai to tm ma γ(x)γ(y), k�jeto sto e1(x, y) me kateÔjunsh tètoia

¸ste o prosanatolismìc tou e1(x, y) × e2(x, y) na sumpÐptei me ekeÐnon tou

e1(x, y)× γ̇(x) ìpou γ̇(x) eÐnai to jetikì efaptìmeno di�nusma thc kampÔlhc

sto x. H dianusmatik  sun�rthsh e2 epekteÐnetai omal� kai sto sÔnoro tou

S(C)(ìpwc deÐqnetai sto [24]), ìpou dÐnei to kÔrio k�jeto di�nusma thc γ.

Autì keÐtai sthn koÐlh pleur� ekeÐnhc thc sunist¸sac tou ∂S(C), h opoÐa

apoteleÐtai apì tic arnhtikèc efaptìmenec, en¸ keÐtai sthn kurt  pleur� ka-

j¸c proseggÐzetai mÐa jetik  efaptìmenh, dhlad  mac dÐnei thn kateÔjunsh

proc thn opoÐa strèfetai h γ se k�je shmeÐo (Eikìna 2.9). Shmei¸noume ìti

h e2 den eÐnai kal� orismènh sta cross tangents. Jètoume t¸ra e3 = e1 × e2

kai ωij = dei · ej. Tìte, afoÔ ei · ej = δij, ta dianu-smatik� pedÐa e1, e2, e3

apoteloÔn èna pedÐo plaisÐwn tou R3. 'Ara oi ωij eÐnai oi morfèc sunoq c tou

pedÐou plaisÐwn e1, e2, e3, kai me diafìrish brÐskoume ìti ωij+ωji = 0. EpekteÐ-

nontac thn ddei = 0, lamb�noume tic exis¸seic dom c dωij =
∑

1≤k≤3 ωik∧ωkj.

SumperaÐnoume ìti dS = ω12∧ω13 = dω32, ìpou me th sf na {∧} sumbolÐzoume

ton pollaplasiasmì twn morf¸n.

JewroÔme t¸ra ton kanonikì prosanatolismì sto C × C o opoÐoc ep�gei

ènan prosanatolismì sto S(C). Upojètoume ìti h γ(C) tèmnei thn efa-

ptìmenh epif�neia (tangent developable), dhlad  thn epif�neia pou par�gei

h ènwsh twn efaptìmenwn eujei¸n sthn kampÔlh, egk�rsia sta cross tan-

gents. Autì eggu�tai ìti ja èqoume peperasmèno pl joc cross tangents

(x1, y1), . . . , (xM , yM). PerikleÐoume k�je tètoio shmeÐo se èna koutÐ Biε

p�qouc ε sto C × C −∆ ⊂ S(C) kai efarmìzoume to Je¸rhma tou Stokes
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Sq ma 2.9: To efaptìmeno di�nusma e1 kai to kÔrio k�jeto di�nusma e2 se

èna shmeÐo t ∈ ∂S(C).

∫

S(C)−∪Biε

dω32 =

∫

∂S(C)

ω32 + lim
ε→0

∑
i

∫

∂Biε

ω32. (2.23)

Ta oloklhr¸mata ston deÔtero ìro tou dexioÔ mèlouc mac dÐnoun ta prìsh-

ma twn cross tangents·2π, �ra ìloc o ìroc ja eÐnai Ðsoc me 4πSL. T¸ra to

∂S(C) apoteleÐtai apì dÔo mèrh, ta proc ta emprìc monadiaÐa efaptìmena

dianÔsmata C(1) kai ta proc ta pÐsw efaptìmena dianÔsmata C(2). 'Estw

T : C × C − ∆ → C × C − ∆ pou orÐzetai wc T (x, y) = (y, x). Aut  h

apeikìnish epekteÐnetai omal� se mÐa apeikìnish T : S(C) → S(C). T¸ra

h T antistrèfei ton prosanatolismì tou C × C − ∆, �ra antistrèfei kai

ton prosanatolismì tou ∂S(C). EÐnai profanèc ìti e1T = −e1 kai, ìpwc

parathr same, sto sÔnoro èqoume e2T = −e2. Sunep¸c e3T = e3, ètsi ¸ste

T ∗ω32 = −ω32 sto sÔnoro. Sunep�getai ìti

∫

C(1)

ω32 =

∫

C(2)

ω32. (2.24)

All� ta epilegmèna plaÐsia sto C(1) eÐnai akrib¸c ta plaÐsia Frenet thc

kampÔlhc, ètsi ¸ste ω32 = −τds ìpou τ eÐnai h strèyh thc γ kai ds eÐnai to

jetikì stoiqei¸dec m koc tìxou thc kampÔlhc. O epagìmenoc prosanatoli-

smìc sto C(1) sumfwneÐ me autìn thc kampÔlhc. 'Ara

∫

C(1)

ω32 = −
∫

C

τds. (2.25)
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B�sei twn parap�nw kai b�sei tou gegonìtoc ìti ω12 ∧ ω13 = dS eÐnai to

pull-back tou stoiqei¸douc embadoÔ sthn monadiaÐa sfaÐra upì thn apeikìnish

e1, mporoÔme na xanagr�youme th sqèsh 2.23 wc ex c:

SL =
1

4π

∫

C×C

dS +
1

2π

∫

C

τds. (2.26)

Opìte, o pr¸toc ìroc eÐnai h sustrof  thc kampÔlhc, kai o deÔteroc ìroc

eÐnai h olik  strèyh thc kampÔlhc.



Kef�laio 3

Paramorf¸seic sto q¸ro

Sto prohgoÔmeno kef�laio orÐsame mètra diaplok c gia kampÔlec me trìpo

ètsi ¸ste autoÐ oi arijmoÐ na mhn exart¸ntai apì to epÐpedo probol c. P¸c

sumperifèrontai ìmwc aut� ta megèjh sthn perÐptwsh pou oi kampÔlec apoteloÔn

elastikèc paramorf¸seic sto q¸ro;

Orismìc 3.0.2. DÔo kìmboi   krÐkoi K1, K2 ja lègontai isotopikoÐ e�n u-

p�rqei omoiomorfismìc dhlad  mÐa suneq c antistrèyimh sun�rthsh me suneq 

antÐstrofo) tou q¸rou tètoioc ¸ste h eikìna tou K1 na eÐnai o K2.

Me �lla lìgia, mÐa isotopÐa eÐnai mÐa elastik  (dlad  suneq c) paramìr-

fwsh tou q¸rou. O kìmboc K1 mporeÐ na jewrhjeÐ wc mÐa elastik  kleist 

kampÔlh sthn opoÐa den epitrèpontai oi autotomèc.

'Eqei apodeiqjeÐ apì ton Reidemeister, 1935 ìti dÔo kìmboi K1, K2 eÐnai

isotopikoÐ e�n dÔo opoiad pote diagr�mmat� touc diafèroun kat� èna pepera-

smèno pl joc apì tic kin seic Reidemeister pou faÐnontai sthn Eikìna 3.1.

Gia polugwnikèc kampÔlec oi kin seic Reidemeister faÐnontai sthn Eikìna

3.2

Orismìc 3.0.3. MÐa analloÐwth isotopÐac kìmbwn   krÐkwn eÐnai mÐa sun�rthsh

apì to sÔnolo twn krÐkwn tètoi ¸ste an dÔo krÐkoi eÐnai isotopikoÐ h sun�rthsh

na touc dÐnei thn Ðdia eikìna.

41
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Sq ma 3.1: (a)Kin seic Reidemeister.
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Sq ma 3.2: (b) Kin seic Reidemeister gia polugwnÐkèc kampÔlec.
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Qrhsimopoi¸ntac ton tÔpo gia ton arijmì perièlixhc dÔo kleist¸n kampÔ-

lwn eÐnai polÔ eÔkolo na doÔme ìti o arijmìc autìc den all�zei k�tw apì tic

prosanatolismènec kin seic. 'Ara gia kleistèc prosanatolismènec kampÔlec l1

kai l2 o arijmìc perièlixhc Lk(l1, l2) eÐnai mÐa analloÐwth isotopÐac, dhlad 

den metab�lletai k�tw apì elastikèc kin seic twn l1, l2 ston q¸ro.

Antijètwc, o arijmìc perièlixhc prosanatolismènwn anoikt¸n alusÐdwn

den eÐnai analloÐwtoc se paramorf¸seic twn alusÐdwn. Shmei¸noume ìti o ar-

ijmìc perièlixhc prosanatolismènwn anoikt¸n alusÐdwn eÐnai ènac pragmati-

kìc arijmìc ìqi akèraioc. Ja deÐxoume ìti aut  h sun�rthsh eÐnai suneq -

c wc proc tic suntetagmènec twn koruf¸n twn anoikt¸n alusÐdwn, kai �ra

oloklhr¸simh ston q¸ro twn diamorf¸sewn (space of configurations). O

q¸roc twn diamorf¸sewn eÐnai ìla ta dunat� zeÔgh polugwnik¸n alusÐdwn

tètoia ¸ste na mhn èqoun tomèc metaxÔ touc, oÔte autotomèc sto q¸ro.

O q¸roc twn diamorf¸sewn mporeÐ na diafèrei gia ta di�fora eÐdh polug-

wnik¸n alusÐdwn ìpwc autèc pou par�goun oi kanonikoÐ tuqaÐoi perÐpatoi,  

oi omoiìmorfoi tuqaÐoi perÐpatoi se periorismèno q¸ro.

Ed¸ ja melet soume thn pio genik  perÐptwsh twn diamorf¸sewn pou

mporoÔn na kataskeuastoÔn apì dÔo akoloujÐec grammik¸n tmhm�twn apì

�kro eic �kro sundedemènec ¸ste na fti�qnoun dÔo emfuteumènec polugwnikèc

kampÔlec ston R3. JewroÔme ìti to pl joc twn grammik¸n tmhm�twn pou

apoteloÔn tic polugwnikèc kampÔlec eÐnai stajerì Ðso me n gia thn k�je

mÐa. B�zontac tic suntetagmenec k�je koruf c vi, wi, 0 ≤ i ≤ n kai twn dÔo

polugwnik¸n alusÐdwn sth seir� èqoume èna shmeÐo

(x0, y0, z0, x1, y1, z1, . . . , xn, yn, zn, x
′
0, y

′
0, z

′
0, . . . , x

′
n, y′n, z′n) ∈ R3n × R3n.

'Estw N to sÔnolo pou antistoiqeÐ se polugwnikèc kampÔlec me autotomèc

  se zeÔgh polugwnik¸n kampÔlwn pou tèmnontai. Autì to sÔnolo eÐnai mÐa

ènwsh 2
(

1
2
n(n− 3)

)
+ n2 tmhm�twn. Autì sumbaÐnei diìti 1

2
n(n− 3) tm mata

antistoiqoÔn stic polugwnikèc kampÔlec twn opoÐwn dÔo m  geitonikèc akmèc

tèmnontai kai n2 tm mata antistoiqoÔn sta zeÔgh polugwnik¸n kampÔlwn twn
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opoÐwn dÔo akmèc tèmnontai.

Gia par�deigma, to uposÔnolo tou N pou apoteleÐtai apo ta zeÔgh polug¸n-

wn gia ta opoÐa oi akmèc e1 = vi, vi+1 kai e2 = wjwj+1 tèmnontai mporoÔn na

perigrafoÔn san thn sullog  twn zeug¸n polug¸nwn gia ta opoÐa

(i) oi korufèc vi, vi+1, wj, wj+1 eÐnai sunepÐpedec,

(ii) h gramm  pou orÐzetai apì thn vi kai thn vi+1 diaqwrÐzei thn wj apì

thn wj+1,

(iii) h gramm  pou orÐzetai apì thn wj kai thn wj+1 diaqwrÐzei thn vi apì

thn vi+1.

ParathroÔme ìti autì to uposÔnolo antistoiqeÐ sto kleÐsimo tou sunìlou

lÔsewn ston R3n × R3n tou sust matoc

(vi+1 − vi)× (wj − vi) · (wj+1 − vi) = 0

(vi+1 − vi)× (wj − vi) · (vi+1 − vi)× (wj+1 − vi) < 0

(wj+1 − wj)× (vi − wj) · (wj+1 − wj)× (vi+1 − wj) < 0

(3.1)

'Etsi k�je komm�ti eÐnai mÐa uperepif�neia me sÔnoro.

'Eqoume loipìn ìti o q¸roc twn dunat¸n diamorf¸sewn eÐnai o Ω = R3n×
R3n \N . O eÐnai q¸roc mètrou me s-�lgebra thn paragìmenh apì ta anoikt�

tou Ω kai mètro to mètro Lebesgue. 'Opwc deÐxame parap�nw µ(N) = 0.

Je¸rhma 3.0.4. O arijmìc perièlixhc dÔo prosanatolismènwn polugwnik¸n

alusÐdwn n eÐnai suneq c sun�rthsh sto Ω = R3n × R3n \N .

Gia na apodeÐxoume to Je¸rhma 3.0.7 ja qreiastoÔme to parak�tw je¸rhma

apì thn an�lush.

Je¸rhma 3.0.5. E�n h sun�rthsh f(x, t) eÐnai suneq c sto di�sthma ∆ =

J × [a, b], tìte h sun�rthsh

F (x) =

∫

[a,b]

f(x, t)dt (3.2)
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eÐnai suneq c sto J .

Apìdeixh tou Jewr matoc 3.0.7. 'Estw X = (X0, . . . , Xn), Y = (Y0, . . . , Yn)

dÔo polugwnikèc alusÐdec kai γ1(t), γ2(s) h parametrikopoÐhsh thc X kai Y

antÐstoiqa.

O arijmìc perièlix c touc eÐnai

L(X,Y ) =
1

4π

∑
i,j

∫

[0,1]

∫

[0,1]

(l̇i(t), l̇j(s), li(t)− lj(s))

|li(t)− lj(s)|3
dtds (3.3)

ìpou li(t) = (t−1)Xi−1+tXi eÐnai h parametrikopoÐhsh thc akm c Xi−1Xi,

lj(s) = (s − 1)Yj−1 + sYj eÐnai h parametrikopoÐhsh thc akm c Yj−1Yj, kai

l̇i(t) = Xi−1 + Xi, l̇j(s) = Yj−1 + Yj.

ArkeÐ na deÐxoume ìti k�je ìroc sto parap�nw �jroisma eÐnai mÐa suneq c

sun�rthsh sto Ω1 = (R3)2 × (R3)2 \N ′ ìpou N ′ ⊂ N .

'Estw loipìn h parak�tw sun�rthsh

l(ei, ej) =

∫

[0,1]

∫

[0,1]

(l̇i(t), l̇j(s), li(t)− lj(s))

|li(t)− lj(s)|3
dtds (3.4)

pou antistoiqeÐ ston arijmì perièlixhc twn akm¸n ei = Xi−1Xi kai ej =

Yj−1Yj. Aut  h sun�rthsh gr�fetai :

l(ei, ej) =

∫

[0,1]

∫

[0,1]

∣∣∣∣∣∣∣∣

A1 A2 A3

X
(1)
i −X

(1)
i−1 X

(2)
i −X

(2)
i−1 X

(3)
i −X

(3)
i−1

Y
(1)
j − Y

(1)
j−1 Y

(2)
j − Y

(2)
j−1 Y

(3)
j − Y

(3)
j−1

∣∣∣∣∣∣∣∣
|tXi + (1− t)Xi−1 − sYj − (1− s)Yj−1|3

dtds

(3.5)

ìpou Am = tX
(m)
i + (1− t)X

(m)
i−1 − sY

(m)
j − (1− s)Y

(m)
j−1 ,m = 1, 2, 3.

AnaptÔssontac thn orÐzousa paÐrnoume
∑

1≤m≤3 pm(Xi−1, Xi, Yj−1, Yj)(tX
(m)
i +(1− t)X

(m)
i−1 −sY

(m)
j − (1−s)Y

(m)
j−1 .

Tìte èqoume
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l(ei, ej)

=
∑

0≤m≤3

pm(Xi−1, Xi, Yj−1, Yj)

∫

[0,1]

∫

[0,1]

tX
(m)
i + (1− t)X

(m)
i−1 − sY

(m)
j − (1− s)Y

(m)
j−1

|tXk + (1− t)Xk−1 − sYj − (1− s)Yj−1|3
dtds

=
∑

1≤m≤3

pm(Xi−1, Xi, Yj−1, Yj)

∫

[0,1]

∫

[0,1]

tX
(m)
i + (1− t)X

(m)
i−1 − sY

(m)
j − (1− s)Y

(m)
j−1

(
∑

1≤m≤3(tX
(m)
i + (1− t)X

(m)
i−1 − sY

(m)
j − (1− s)Y

(m)
j−1 )2)

3
2

dtds

(3.6)

'Estw f(Xi−1, Xi, Yj−1, Yj, s, t) =
tX

(m)
i +(1−t)X

(m)
i−1−sY

(m)
j −(1−s)Y

(m)
j−1

(
∑

1≤m≤3(tX
(m)
i +(1−t)X

(m)
i−1−sY

(m)
j −(1−s)Y

(m)
j−1 )2)

3
2
dtds

kai F (Xi−1, Xi, Yj−1, Yj) =
∫

[0,1]

∫
[0,1]

tX
(m)
i +(1−t)X

(m)
i−1−sY

(m)
j −(1−s)Y

(m)
j−1

(
∑

1≤m≤3(tX
(m)
i +(1−t)X

(m)
i−1−sY

(m)
j −(1−s)Y

(m)
j−1 )2)

3
2
dtds.

Tìte f ∈ C1(Ω1×[0, 1]×[0, 1]), kai �ra apì to Je¸rhma 3.0.5 f1(Xi−1, Xi, Yj−1, Yj, s) =
∫
[0,1]

fdt eÐnai suneq c sto Ω1 × [0, 1]. Efarmìzontac p�li to Je¸rhma 3.0.5

sumperaÐnoume ìti kai h F (Xi−1, Xi, Yj−1, Yj) suneq c sto Ω1.

'Ara kai h L(X,Y ) suneq c wc �jroisma suneq¸n sunart sewn.

Orismìc 3.0.6. MÐa stoiqei¸dhc paramìrfwsh dÔo polugwnik¸n alusÐdwn

pou orÐzontai apì èna sÔnolo koruf¸n {Xi|i = 0, . . . , n} kai {Yj|j = 0, . . . , n}
eÐnai mÐa monoparametrik  oikogèneia (X(u), Y (u)) = {(Xi(u), Yj(u))|i, j =

0, . . . , n}, uk ≤ u ≤ uk+1 apì zeÔgh polugwnik¸n alusÐdwn tètoia ¸ste gia

k�poio deÐkth k kai k�poio shmeÐo X ′
k (  Y ′

k), Xi(u) = Xi gia k�je u e�n i 6= k

(antÐstoiqa Yj(u) = Yj, j 6= k) kai Xk(u) = uk+1−u

uk+1−uk
Xk + u−uk

uk+1−uk
X ′

k (antÐs-

toiqa Yk(u) = uk+1−u

uk+1−uk
Yk + u−uk

uk+1−uk
Y ′

k) tètoia ¸ste X(u) (  Y (u) antÐstoiqa)

den èqei autotomèc, oÔte tèmnei thn Y (u) (thn X(u) antÐstoiqa) gia kamÐa tim 

tou u.
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K�je suneq c paramìrfwsh enìc zeÔgouc polugwnik¸n alusÐdwn tètoia

¸ste na m n epitrèpontai oi tomèc kai oi autotomèc twn alusÐdwn, mporeÐ

na ekfrasteÐ san mÐa akoloujÐa apì stoiqei¸deic paramorf¸seic thc k�je

polugwnik c alusÐdac.

Profan¸c, mÐa stoiqei¸dhc paramìrfwsh enìc polug¸nou eÐnai mÐa iso-

topÐa sÔmfwna me ton orismì.

Ja apodeÐxoume t¸ra to parak�tw:

Je¸rhma 3.0.7. O arijmìc perièlixhc dÔo prosanatolismènwn polugwnik¸n

alusÐdwn eÐnai omoiìmorfa suneq c sun�rthsh upì stoiqei¸deic paramorf¸-

seic twn alusÐdwn.

Apìdeixh. 'Estw dÔo polugwnikèc alusÐdec X,Y orismènec ston q¸ro twn

epitrept¸n diamorf¸sewn Ω = R3n × R3n \ N . O q¸roc autìc eÐnai ènac

metrikìc q¸roc me metrik  thn ρ((X, Y ), (X ′, Y ′) = max{max0≤i≤n{Xi −
X ′

i}, max0≤j≤n{Yj − Y ′
j }}. 'Estw mÐa stoiqei¸dhc paramìrfwsh tètoia ¸-

ste na metakineÐtai h koruf  Xk kat� mÐa apìstash δ = εα
8n

ìpou α =

max0≤j≤n{Xk − Yj}. Tìte gia to nèo zeÔgoc polugwnik¸n alusÐdwn X ′, Y ′

pou prokÔptoun èqoume ρ((X, Y ), (X ′, Y ′)) = δ.

O arijmìc perièlix c touc tìte eÐnai

L(X ′, Y ′) =
1

4π

∑
0≤i,j≤n

∫

[0,1]

∫

[0,1]

(l̇′i(t), l̇
′
j(s), l

′
i(t)− l′j(s))∣∣l′i(t)− l′j(s)

∣∣3 dtds (3.7)

ìpou l′i(t) eÐnai h parametrikopoÐhsh thc akm c X ′
iX

′
i+1 kai l′j(s) eÐnai h

parametrikopoÐhsh thc akm c Y ′
j Y

′
j+1.

'Etsi,

L(X ′, Y ′) =
1

4π

∑
0≤i,j≤n

∫

[0,1]

∫

[0,1]

(l̇′i(t), l̇
′
j(s), l

′
i(t)− l′j(s))∣∣l′i(t)− l′j(s)

∣∣3 dtds

=
1

4π

∑
0≤i,j≤n

cijArea of Q(i′, i + 1′, j′, j + 1′)

(3.8)
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'Opou Area of Q(i′, i + 1′, j′, j + 1′) eÐnai to embadìn thc stere�c gwnÐac

pou orÐzetai apì tic akmèc X ′
iX

′
i+1 kai Y ′

j Y
′
j+1. Tìte èqoume

|L(X, Y )− L(X ′, Y ′)| = | 1

4π

∑
0≤i,j≤n

cijArea of Q(i, i + 1, j, j + 1)

− 1

4π

∑
0≤i,j≤n

c′ijArea of Q(i′, i + 1′, j′, j + 1′)|

= | 1

4π

∑
0≤i,j≤n

cij(Area of Q(i, i + 1, j, j + 1)

− c′ijArea of Q(i′, i + 1′, j′, j + 1′)|

(3.9)

AfoÔ X ′
i = Xi∀i 6= k kai Y ′

j = Yj∀j, oi mìnec stereèc gwnÐec pou diafèroun

eÐnai autèc pou aforoÔn tic akmèc X ′
k−1X

′
k, Xk−1Xk kai X ′

kX
′
k+1, XkXk+1.

|L(X,Y )− L(X ′, Y ′)| = 1

4π
|

∑
0≤j≤n

ck−1,jArea of Q(k − 1, k, j, j + 1)

− c′k−1,jArea of Q(k − 1′, k′, j′, j + 1′)

+
∑

0≤j≤n

ck,jArea of Q(k, k + 1, j, j + 1)

− c′k,jArea of Q(k′, k + 1′, j′, j + 1′)|
(3.10)

Gia to zeÔgoc polugwnik¸n alusÐdwn X ′, Y ′ h stere� gwnÐa Q(k′, k +

1′, j, j + 1) twn akm¸n XkXk+1 kai YjYj+1 ja eÐnai

Q(k′, k + 1′, j, j + 1) = −2π + d(k′, j, k + 1′, j + 1) + d(k + 1′, j, k′, j + 1)

+ d(k + 1′, j + 1, k′, j) + d(k′, j + 1, k + 1′, j)

(3.11)

ìpou d(i, j, k, l) = h dÐedrh gwnÐa apì to trÐgwno XiXkYj sto trÐgwno

XiYjYl sthn akm  XiYj.
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'Estw n1, n2, n3, n4 na eÐnai ta monadiaÐa dianÔsmata k�jeta sta epÐpeda

pou apoteloÔn to sÔnoro thc stere�c gwnÐac Q(k, k + 1, j, j + 1) kai èstw

n′1, n
′
2, n

′
3, n

′
4 ta monadiaÐa k�jeta dianÔsmata sta epÐpeda pou apoteloÔn to

sÔnoro thc stere�c gwnÐac Q(k′, k + 1′, j, j + 1). H dÐedrh gwnÐa metaxÔ dÔo

edr¸n tou tetraèdrou eÐnai Ðsh me th gwnÐa twn k�jetwn dianusm�twn twn

edr¸n aut¸n. 'Estw t¸ra φ1, φ2, φ3, φ4 h gwnÐa metaxÔ twn n1, n
′
1, twn n2, n

′
2,

twn n3, n
′
3 kai twn n4, n

′
4 antÐstoiqa. QwrÐc bl�bh thc genikìthtac ac upojè-

soume ìti h megalÔterh diafor� dÐedrwn gwni¸n metaxÔ twn dÔo tetraèdrwn

eÐnai aut  pou orÐzoun ta k�jeta dianÔsmata n1, n2, èstw d12 kai n′1, n
′
2 èstw

d′12. 'Estw φ1 h megalÔterh gwnÐa metaxÔ twn k�jetwn dianusm�twn. Tìte h

diafor� twn dÐedrwn gwnÐwn ja eÐnai d12 − d′12 ≤ 2φ1 ≤ 2πδ
α

.

'Otan to prìshmo thc diastaÔrwshc twn probol¸n twn dÔo akm¸n den

all�zei met� thn stoiqei¸dh paramìrfwsh, èqoume ìti

|Q(k, k + 1, j, j + 1)−Q(k′, k + 1′, j, j + 1)| < 42πδ
α

= 8πδ
α

.

ParathroÔme ìmwc ìti ìtan to prìshmo thc diastaÔrwshc èqei all�xei

kat� thn stoiqei¸dh paramìrfwsh, h gwnÐa twn k�jetwn dianusm�twn ja èqei

all�xei kat� φ′ = π + φ kai ètsi p�li èqoume

|Q(k, k + 1, j, j + 1)−Q(k′, k + 1′, j, j + 1)| < 4 δ
2πα

= 2δ
πα

.

DouleÔontac me ton Ðdio trìpo gia k�je stere� gwnÐa èqoume

|L(X,Y )− L(X ′, Y ′)| < 1

4π
2n

8πδ

α
=

8nδ

α
= ε. (3.12)

Pìrisma 3.0.8. O arijmìc perièlixhc dÔo prosanatolismènwn polugwnik¸n

alusÐdwn X = (X0, X1, . . . , Xn) kai Y = (Y0, Y1, . . . , Yn) kaj¸c ta �kra twn

X kai Y èrqontai pio kont� teÐnei ston arijmì perièlixhc twn dÔo kleist¸n

prosanatolismènwn polug¸nwn X̄, Ȳ pou prokÔptoun ìtan ta X0 kai Xn, kai

Y0 kai Yn sumpÐptoun.
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Sq ma 3.3: a) Tetr�gwna X̄ = (X0, X1, X2, X3) kai Ȳ = (Y0, Y1, Y2, Y3)

me arijmì perièlixhc L(X̄, Ȳ ) = 1 (b) Polugwnikèc alusÐdec X =

(X ′
0, X

′
1, X

′
2, X

′
3, X

′
4) kai Y = (Y ′

0 , Y
′
1 , Y

′
2 , Y

′
3 , Y

′
4). Gia apìstash twn �krwn

thc X kai Y antÐstoiqa kat� ε = 0.1 o arijmìc perièlixhc eÐnai L(X,Y ) =

0.985497

Gia na katano soume ta parap�nw ja d¸soume èna par�deigma dÔo klei-

st¸n kampÔlwn tic opoÐec sth sunèqeia anoÐgoume kat� ε = 0.1.

Par�deigma 2 'Ena polÔ bohjhtikì par�deigma gia ton upologismì tou

arijmoÔ perièlixhc metaxÔ dÔo prosanatolismènwn polugwnik¸n alusÐdwn eÐ-

nai to parak�tw :

'Estw X̄ = (X0, X1, X2, X3) kai Ȳ = (Y0, Y1, Y2, Y3) dÔo tetr�gwna me

ton prosanatolismì pou ep�gei h seir� twn koruf¸n, deÐte Eik. 3.3. Oi

suntetagmènec k�je koruf c eÐnai: X0 = (1, 0,−1), X1 = (0, 0,−1), X2 =

(0, 0, 0), X3 = (0, 0, 1) kai Y0 = (−1
2
,−1

2
,−1

2
), Y1 = (1

2
,−1

2
,−1

2
), Y2 = (1

2
, 1

2
,−1

2
), Y3 =

(−1
2
, 1

2
,−1

2
). O arijmìc perièlix c touc eÐnai

L(X̄, Ȳ ) = 1 (3.13)

'Estw X = (X ′
0, X

′
1, X

′
2, X

′
3, X

′
4) kai Y = (Y ′

0 , Y
′
1 , Y

′
2 , Y

′
3 , Y

′
4) dÔo prosana-

tolismènec polugwnikèc alusÐdec twn opoÐwn oi suntetagmènec eÐnai: X ′
0 =

(1, 0,−1), X ′
1 = (0, 0,−1), X ′

2 = (0, 0, 0), X ′
3 = (0, 0, 1), X ′

4 = (1+ε
√

1− ε2

4
, 0,−1+
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ε2

2
) kai

Y ′
0 = (−1

2
,−1

2
,−1

2
), Y ′

1 = (1
2
,−1

2
,−1

2
), Y ′

2 = (1
2
, 1

2
,−1

2
), Y ′

3 = (−1
2
, 1

2
,−1

2
),

Y ′
4 = (−1

2
− ε

√
1− ε2

4
,−1

2
+ ε2

2
,−1

2
). O arijmìc perièlix c twn anoikt¸n

alusÐdwn X, Y tìte eÐnai

L(X, Y ) =
1

4π

∑
0≤i,j≤3

∫

[0,1]

∫

[0,1]

(l̇′i(t), l̇
′
j(s), l

′
i(t)− l′j(s))∣∣l′i(t)− l′j(s)

∣∣3 dtds (3.14)

ìpou l′i(t) eÐnai h parametrikopoÐhsh thc akm c X ′
iX

′
i+1 kai l′j(s) eÐnai h

parametrikopoÐhsh thc akm c Y ′
j Y

′
j+1.

'Etsi,

L(X, Y ) =
1

4π

∑
0≤i,j≤3

∫

[0,1]

∫

[0,1]

(l̇′i(t), l̇
′
j(s), l

′
i(t)− l′j(s))∣∣l′i(t)− l′j(s)

∣∣3 dtds

=
1

4π

∑
0≤i,j≤3

cijArea of Q(i′, i + 1′, j′, j + 1′)

(3.15)

'Opou Area of Q(i′, i + 1′, j′, j + 1′) eÐnai to embadìn thc stere�c gwnÐac

pou orÐzetai apì tic akmèc X ′
iX

′
i+1 kai Y ′

j Y
′
j+1.

H stere� gwnÐa Q(i, i + 1, j, j + 1) twn akm¸n XiXi+1 kai YjYj+1 ja eÐnai

Q(i, i + 1, j, j + 1) = −2π + d(i, j, i + 1, j + 1) + d(i + 1, j, i, j + 1) + d(i + 1, j + 1, i, j)

+ d(i, j + 1, i + 1, j)

(3.16)

ìpou d(i, j, k, l) = h dÐedrh gwnÐa apì to trÐgwno XiXkYj sto trÐgwno

XiYjYl sthn akm  XiYj. 'Estw

n1 =
ri,j × ri,j+1

|ri,j × ri,j+1| , n2 =
ri,j+1 × ri+1,j+1

|ri,j+1 × ri+1,j+1| , n3 =
ri+1,j+1 × ri+1,j

|ri+1,j+1 × ri+1,j| ,

n4 =
ri+1,j × ri,j

|ri+1,j × ri,j|
(3.17)
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na eÐnai ta monadiaÐa dianÔsmata k�jeta sta epÐpeda pou apoteloÔn to

sÔnoro thc stere�c gwnÐac

Q(i, i + 1, j, j + 1).

Tìte, lamb�nontac up�oyhn ton amoibaÐo touc prosanatolismì [37], èqoume:

d(i, j, i + 1, j + 1) = arccos(−n1n4) = π
2

+ arcsin(n1n4),

d(i + 1, j, i, j + 1) = arccos(−n3n4) = π
2

+ arcsin(n3n4)

k.t.l.

Autì sumbaÐnei diìti to eswterikì ginìmeno ninj mac dÐnei to sunim tono

thc dÐedrhc gwnÐac èstw φ twn antÐstoiqwn pleur¸n tou tetraèdrou, all�

em�c mac endiafèrei h {exwterik } gwnÐa π−φ h opoÐa èqei sunim tono −ninj

Tìte

Q(i, i + 1, j, j + 1) = arcsin(n1n2) + arcsin(n2n3) + arcsin(n3n4)

+ arcsin(n4n1)
(3.18)

DouleÔontac me ton Ðdio trìpo gia k�je stere� gwnÐa kai efìson oi apos-

t�seic eÐnai ìlec gnwstèc gia ε = 0.1 èqoume

L(X, Y ) = 0.985497. (3.19)

O arijmìc sustrof c den eÐnai analloÐwth isotopÐac oÔte gia anoiktèc

oÔte gia kleistèc kampÔlec. To Ðdio kai o mèsoc arijmìc diastaur¸sewn.

Tèloc, ìmoia me ton arijmì perièlixhc, o arijmìc autoperièlixhc SL(l)

eÐnai analloÐwtoc upì mÐa m  ekfulismènh isotopÐa (ìpou mÐa m  ekfulismènh

isotopÐa ennooÔme mÐa isotopÐa h opoÐa gia k�je stajerì h kampÔlh èqei pantoÔ

mh mhdenik  kampulìthta) ìtan h l eÐnai kleist  en¸ gia anoikt  isqÔoun

ìsa eÐpame prÐn gia ton arijmì perièlixhc, efìson apodeiknÔetai ìti SL(l) =

Lk(l1, lε).
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Parat rhsh 3.0.9. Se aut n thn perÐptwsh mporoÔme na proqwr soume

èna b ma perissìtero kai na mil soume gia kordèllec kai isotopÐa kordèllwn

antÐ gia kìmbouc kai isotopÐa kìmbwn. ApodeiknÔetai ìti an h l eÐnai kleist 

kampÔlh o SL(l) eÐnai analloÐwth isotopÐac kordèllwn.

Pr�gmati, èstw mÐa kordèlla R(ribbon) tìte Lk(R) eÐnai o arijmìc au-

toperièlixhc thc kordèllac R (tou kentrikoÔ thc �xona). Tìte jètontac

Tw(R) na metr� to kat� pìso h kordèlla R peristrèfetai gÔrw apì ton �xon�

thc kai Wr(R) na metr� to kat� pìso h kordèlla R eÐnai strifogurismènh

ston q¸ro paÐrnoume thn exÐswsh

Lk(R) = Tw(R) + Wr(R) (3.20)

h opoÐa apoteleÐ thn jemeli¸dh exÐswsh pou dièpei èna mìrio DNA.



Kef�laio 4

O mèsoc arijmìc

diastaur¸sewn kanonik¸n

tuqaÐwn perip�twn kai

polug¸nwn.

Ja parousi�soume k�poia apì ta apotelèsmata twn Y. Diao, A. Dobay, R. B.

Kushner, K. Millett kai A. Stasiak [17] pou aforoÔn thn asumptwtik  t�sh tou

mèsou arijmoÔ diastaur¸sewn enìc polug¸nou   mÐac polugwnik c alusÐdac,

kai twn Y. Diao, A. Dobay kai A. Stasiak [18] gia thn asumptwtik  t�sh

tou arijmoÔ diastaur¸sewn dÔo polug¸nwn kai dÔo polugwnik¸n alusÐdwn

ta opoÐa apotèlesan jemèlia gia thn jewrhtik  mac melèth.

55
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4.1 Mèsoc arijmìc diastaur¸sewn enìc tuqaÐou

perip�tou   polug¸nou

O mèsoc arijmìc diastaur¸sewn (average crossing number - ACN) thc i-

danik c anapar�stashc enìc polumeroÔc qrhsimopoieÐtai eurèwc san èna gewmetri-

kì mètro diaplok c, kaj¸c anafèretai ston arijmì twn diastaur¸sewn pou

mporoÔn na gÐnoun oratèc kat� thn parat rhsh mÐac mh diatarassìmenhc

probol c enìc dojèntoc polumeroÔc. [31]. JewreÐtai ìti eÐnai èna kalì mège-

joc mètrhshc thc poluplokìthtac twn diaplok¸n mÐac alusÐdac [38],[39],[40].

Endiaferìmaste idiaÐtera gia qarakthrismoÔc thc auxhtik c t�shc tou mè-

sou arijmoÔ diastaur¸sewn, wc sun�rthsh tou arijmoÔ twn akm¸n, p�nw apì

ìlo to statistikì sÔnolo twn idanik¸n tuqaÐwn perip�twn me èna dojèn arijmì

akm¸n [17], o orismìc tou opoÐou dÐnetai sthn par�grafo 2.3 wc

χn =
1

4π

∫

[0,1]

∫

[0,1]

|(γ̇1(t), γ̇2(s), |γ(t)− γ(s)|)|
|γ1(t)− γ2(s)|3

dtds

=
1

4π

∑
1≤i,j≤n

∫

[0,1]

∫

[0,1]

∣∣∣(l̇i(t), l̇j(s), |li(t)− lj(s)|)
∣∣∣

|li(t)− lj(s)|3
dtds

(4.1)

ìpou li(t) eÐnai h parametrikopoÐhsh thc akm c Xi−1Xi kai lj(s) eÐnai h

parametrikopoÐhsh thc akm c Xj−1Xj.

Ta Jewr mata pou akoloujoÔn parèqoun mÐa ektÐmhsh thc asumptwtik c

sumperifor�c thc mèshc tim c tou mèsou arijmoÔ diastaur¸sewn, <ACN>,

wc proc to m koc twn diaforetik¸n tÔpwn tuqaÐwn perip�twn kai polug¸n-

wn p�nw apì ton q¸ro diakorf¸sewn, kai eÐnai analutik� apodedeigmèna kai

arijmhtik� epibebaiwmèna apì arijmhtikèc prosomoi¸seic sto [17].

'Estw U = (u, v, w) èna tridi�stato tuqaÐo di�nusma omoiìmorfa katanemh-

mèna sthn monadiaÐa sfaÐra S2, dhlad  h sun�rthsh puknìthtac pijanìthtac

tou U eÐnai φ(U) = 1
4π

e�n |U | = √
u2 + v2 + w2 = 1 kai 0 alli¸c.
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Sq ma 4.1: H perÐptwsh dÔo tuqaÐwn akm¸n PP1 kai QQ1

'Estw ~v1 kai ~v2 opoiad pote dÔo dianÔsmata me koin  arq  pou eÐnai k�jeta

to èna sto �llo. 'Estw Σ èna epÐpedo k�jeto sto ~v1 pou perièqei to ~v2. 'Estw

θ h gwnÐa metaxÔ tou ~v1 kai tou U (san monadiaÐo di�nusma me arq  thn arq 

twn axìnwn), kai èstw φ h gwnÐa metaxÔ tou ~v2 kai thc probol c tou U p�nw

sto Σ. Ta mètra twn θ kai φ eÐnai kai ta dÔo metaxÔ tou 0 kai π. Tìte mporoÔme

na deÐxoume ìti oi θ kai φ eÐnai anex�rthtec tuqaÐec metablhtèc. Epiplèon, h φ

eÐnai omoiìmorfa katanemhmènh p�nw sto [0, π], dhlad  h sun�rthsh puknìth-

tac pijanìthtac thc φ eÐnai 1
π
kai h sun�rthsh puknìthtac pijanìthtac tou θ

eÐnai g(θ) = 2π sin θφ(U) = 1
2
sin θ. Sunep�getai ìti h mèsh tim  tou sin φ eÐnai

E(sin φ) =
∫
[0,π]

sin φf(φ)dφ =
∫
[0,π]

sin φ 1
π
dφ = 2

π
kai h mèsh tim  tou sin θ

eÐnai E(sin θ) =
∫
[0,π]

sin θ 1
2
sin θdθ = 1

2

∫
[0,π]

sin2 θdθ = 1
2

∫
[0,π]

1−cos2 θ
2

dθ = π
4
.

Upojètoume ìti U1, U2, . . . , Un eÐnai n anex�rthta tuqaÐa dianÔsmata omoiì-

morfa katanemhmèna sthn S2. 'Enac kanonikìc tuqaÐoc perÐpatoc n bhm�twn,

pou sumbolÐzetai EWn, orÐzetai san mÐa akoloujÐa shmeÐwn ston tridi�sta-
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to q¸ro R3 : X0 = 0, Xk = U1 + U2 + · · · + Uk, k = 1, 2, . . . , n. K�je Xk

onom�zetai koruf  tou EWn kai to eujÔgrammo tm ma pou en¸nei ta Xk kai

Xk+1 onom�zetai akm  tou EWn (h opoÐa èqei m koc mhdèn). E�n h teleu-

taÐa koruf  Xn tou EWn eÐnai stajer , tìte èqoume ènan tuqaÐo perÐpato

upì ìrouc EWn|Xn. Sugkekrimèna, o EWn gÐnetai polÔgwno an Xn = 0.

Se aut n thn perÐptwsh, onom�zetai èna kanonikì tuqaÐo polÔgwno kai sum-

bolÐzetai EPn. ParathroÔme ìti h apì koinoÔ sun�rthsh katanom  pijanìth-

tac f(X1, X2, ·, Xn) twn koruf¸n enìc EWn eÐnai apl�

f(X1, X2, . . . , Xn) = φ(U1)φ(U2) · · ·φ(Un) = φ(X1)φ(X2−X1) · · ·φ(Xn−
Xn−1).

'Estw Xk h k−st  koruf  enìc EWn(n ≥ k > 1). H sun�rthsh puknìth-

tac pijanìtht�c tou orÐzetai wc

fk(Xk) =

∫ ∫
· · ·

∫
(X1, X2, . . . , Xk)sX1dX2 · · · dXk−1

∫ ∫
· · ·

∫
φ(X1)φ(X2 −X1) · · ·φ(Xk −Xk−1)sX1dX2 · · · dXk−1

(4.2)

kai èqei thn kleist  morf  fk(Xk) = 1
2π2r

∫
[0,∞)

x sin rx( sin x
x

)k, [50]. EÐnai

eÔkolo na deÐ kaneÐc ìti h fk(Xk) eÐnai proseggistik� kanonik  gia meg�lec

timèc tou k. To parak�tw l mma dÐnei mÐa arket� akrib  prosèggish thc

fk(Xk). H apìdeix  tou eÐnai sto

L mma 4.1.1. Gia k ≥ 10, èqoume

|fk(Xk)− (

√
3

2πk
)3 exp(−3|Xk|2

2k
)| < 0.5

k
5
2

. (4.3)

Sthn perÐptwsh kanonik¸n tuqaÐwn polug¸nwn, sun�rthsh puknìthtac

pijanìthtac mÐac koruf c exakoloujeÐ na eÐnai proseggistik� Gkaousian ,

all� autìc o upologismìc eÐnai k�pwc pio dÔskoloc. 'Eqoume to parak�tw

l mma.
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L mma 4.1.2. 'Estw Xk h k−ost  koruf  enìc EPn kai èstw hk h katanom 

puknìthtac pijanìtht�c thc. Tìte

hk(Xk) = (

√
3

2πσ2
nk

)3 exp(−3|Xk|2
2σ2

nk

) + O(
1

k5/2
+

1

(n− k)5/2
), (4.4)

ìpou σ2
nk = k(n−k)

n
.

Apìdeixh. Pr¸ta, h apì koinoÔ puknìthta pijanìthtac twn koruf¸n tou EPn

eÐnai thc morf c

g(X1, X2, . . . , Xn−1) =
1

fn(Xn)
φ(X1)φ(X2 −X1) · · ·φ(Xn −Xn−1) (4.5)

me Xn = X0 = 0, afoÔ sÔmfwna me ton tÔpo thc desmeumènhc pijanìthtac

f(x|y) = f(x,y)
f(y)

Oloklhr¸noume to parap�nw wc proc X1, X2, . . . , Xn−1 ektìc

apì to Xk, paÐrnoume

h(Xk) =

∫
· · ·

∫
1

fn(Xn)
φ(X1)φ(X2 −X1) · · ·φ(Xn −Xn−1)

dX1 · · · dXk−1dXk+1 · · · dXn−1

=
1

fn(Xn)

∫
· · ·

∫ (∫
· · ·

∫
φ(X1)φ(X2 −X1) · · ·φ(Xk −Xk−1)

dX1 · · · dXk−1

)
φ(Xk+1 −Xk) · · ·φ(Xn −Xn−1)dXk+1 · · · dXn−1

=
1

fn(Xn)

∫
· · ·

∫
fk(Xk)φ(Xk+1 −Xk) · · ·φ(Xn −Xn−1)dXk+1 · · · dXn−1

=
1

fn(Xn)
· fk(Xk)

∫
· · ·

∫
φ(Xk+1 −Xk) · · ·φ(Xn −Xn−1)dXk+1 · · · dXn−1

=
1

fn(0)
· fk(Xk) · fn−k(Xk).

(4.6)

To apotèlesma ep�getai efarmìzontac ton tÔpo tou L mmatoc 4.1.1.
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Parat rhsh 4.1.3. ParathroÔme ìti lìgw summetrÐac, h sun�rthsh puknìth-

tac pijanìthtac fk(Xk) kai hk(Xk) thc Xk (gia kanonikoÔc tuqaÐouc perÐpa-

touc kai kanonik� tuqaÐa polÔgwna antÐstoiqa) exart¸ntai mìno apì to |Xk|
�ra mporoÔn na graftoÔn san fk(|Xk|) kai hk(|Xk|). Epiplèon, e�n jèsoume

ρ = |Xk| (to opoÐo eÐnai epÐshc mÐa tuqaÐa metablht ), tìte h sun�rthsh

puknìthtac pijanìthtac tou ρ eÐnai 4πρ2fk(ρ) gia touc kanonikoÔc tuqaÐouc

perÐpatouc kai 4πρ2hk(ρ) gia ta kanonik� tuqaÐa polÔgwna. H sun�rthsh

puknìthtac pijanìthtac paÐrnei mègisth tim  gia ρ = O(
√

n). Ep�getai ìti h

mèsh di�metroc enìc EWn   enìc EPn eÐnai thc t�xhc
√

n.

'Estw Xk+1 kai Xk+2 dÔo diadoqikèc korufèc enìc kanonikoÔ tuqaÐou

polug¸nou EPn, tìte h apì koinoÔ sun�rthsh puknìthtac pijanìthtac h(X1, Xk+1, Xk+2

twn X1, Xk+1 kai Xk+2 orÐzetai wc

∫
· · ·

∫
φ(X1)φ(X2 −X1) · · ·φ(Xn −Xn−1)

fn(O)
d̂X1d̂Xk+1d̂Xk+2 (4.7)

ìpou to olokl rwma eÐnai p�nw apì ìlec tic metablhtèc ektìc twn X1, Xk+1

kai Xk+2. To parak�tw L mma apodeiknÔetai me trìpo parìmoio me autìn tou

L mmatoc

L mma 4.1.4. 'Estw X1, Xk+1 kai Xk+2 h pr¸th, (k + 1)−st  kai (k +

2)−st  koruf  enìc EPn. Tìte h apì koinoÔ sun�rthsh puknìthtac pi-

janìthtac hk(X1, Xk+1, Xk+2) mporeÐ na proseggisteÐ apì

φ(X1)φ(Xk+2 −Xk+1)
( 3

2πσ2
nk

) 3
2 exp

(−3|Xk+1|2
2σ2

nk

)
, (4.8)

ìpou σ2
nk = k(n−k)

n
kai o ìroc sf�lmatoc eÐnai to polÔ thc t�xhc O

(
1

k5/2 +

1
(n−k)5/2

)
.

Gia thn asumptwtik  sumperifor� tou 〈ACN〉 enìc tuqaÐou perip�tou è-

qoume to parak�tw:
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Je¸rhma 4.1.5. 'Estw χn o ACN enìc kanonikoÔ tuqaÐou perÐpatou n bh-

m�twn. Tìte h mèsh tim  tou ACN p�nw apì ìlo to statistikì sÔnolo twn

kanonik¸n tuqaÐwn perip�twn n bhm�twn eÐnai

E(χn) =
3

16
n ln n + O(n), (4.9)

ìpou o sumbolismìc O(x) qrhsimopoieÐtai gia ènan ìro metaxÔ −M |x| kai
M |x| gia k�poia jetik  stajer� M pou eÐnai anex�rthth thc metablht c x.

Gia thn apìdeixh tou parap�nw Jewr matoc ja qreiastoÔme to L mma

4.1.6.

JewroÔme ta shmeÐa P, Q ston R3 tètoia ¸ste r = |P −Q| ≥ 4. 'Estw P1

kai Q1 dÔo tuqaÐa shmeÐa ston R3 tètoia ¸ste U1 = P1 − P kai U2 = Q1 −Q

eÐnai omoiìmorfa katanemhmèna sthn monadiaÐa sfaÐra S2, Sq ma 4.1.

L mma 4.1.6. 'Estw P, Q, P − 1 kai Q1 orismèna ìpwc parap�nw kai èstw

α(l1, l2) o mèsoc arijmìc diastaur¸sewn metaxÔ twn l1 = PP1 kai l2 = QQ1,

tìte èqoume

E(α(l1, l2)) =
1

16r2
+ O(

1

r3
). (4.10)

Apìdeixh. QwrÐc bl�bh thc genikìthtac, ac upojèsoume ìti P = O kai ìti to

Q eÐnai ston jetikì z−�xona. 'Estw θ1 h gwnÐa metaxÔ tou U1 =
−−→
PP1 kai tou

z−�xona kai θ2 h gwnÐa metaxÔ tou U2 =
−−→
QQ1 kai tou z−�xona. Epiplèon,

èstw φ h gwnÐa metaxÔ twn probol¸n twn U1 kai U2 sto xy−epÐpedo. Gia

stajerì P1 kai Q1, o mèsoc arijmìc arijmoÔ diastaÔrwshc α(l1, l2) metaxÔ

twn akm¸n kai dÐnetai apì to

1

2π

∫

l1

∫

l2

|(γ̇1(t), γ̇2(s), γ1(t)− γ2(s)|)
|γ1(t)− γ2(s)|3 dtds (4.11)

ìpou γ1 kai γ2 eÐnai oi parametrikopoi seic m kouc tìxou twn l1 kai l2,

kai (γ̇1(t), γ̇2(s), γ1(t) − γ2(s)) eÐnai to meiktì ginìmeno twn γ̇1(t), γ̇2(s) kai

γ1(t)− γ2(s).

MporoÔme na gr�youme
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γ1(t) = tU1, 0 ≤ t ≤ 1

γ2(s) =
−→
OQ + sU2, 0 ≤ s ≤ 1.

Me ènan aplì upologismì, èqoume

∫

l1

∫

l2

|(γ̇1(t), γ̇2(s), γ1(t)− γ2(s))|dtds

=

∫

[0,1]

∫

[0,1]

|(U1, U2,− ~OQ)|dtds

=

∫

[0,1]

∫

[0,1]

|(U1, U2, ~OQ)|dtds

= |(U1, U2,
−→
OQ)| = r sin φ sin θ1 sin θ2.

(4.12)

AfoÔ ||γ1(t)− γ2(s)| − r| ≤ 2 kai r ≥ 4, èqoume

r − 2 ≤ |γ1(t)− γ2(s)| ≤ r + 2 ⇒ 1

(r + 2)3
≤ 1

|γ1(t)− γ2(s)|3 ≤
1

(r − 2)3

(4.13)

ìmwc gia r ≥ 4, ∃M ∈ R tètoio ¸ste 1
r+2

≤ 1
r3 +M 1

r4 kai 1
r−2

≥ 1
r3 −M 1

r4 ,

�ra

1

|γ1(t)− γ2(s)|3 =
1

r3
+ O(

1

r4
). (4.14)

Sunep�getai ìti

α(l1, l2) =
1

2πr2
sin φ sin θ1 sin θ2 + O(

1

r3
) (4.15)

kai

E(α(l1, l2)) =

∫ ∫
α(l1, l2)φ(U1)φ(U2)dU1dU2

=
1

8π2r2

∫

[0,π]

∫

[0,π]

∫

[0,π]

sin φ sin2 θ1 sin2 θ2dθ1dθ2 + O(
1

r3
)

=
1

16r2
+ O(

1

r3
)

(4.16)
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afoÔ h sun�rthsh puknìthtac pijanìthtac tou φ eÐnai 1
π
, h sun�rthsh

puknìthtac pijanìthtac tou θ1 eÐnai 1
2
sin θ1 kai h sun�rthsh puknìthtac pi-

janìthtac tou θ2 eÐnai 1
2
sin θ2.

EÐmaste ètoimoi na apodeÐxoume to arqikì Je¸rhma.

Apìdeixh tou Jewr matoc 4.1.5. 'Estw lk to k−stì tm ma enìc tuqaÐou perip�-

tou n bhm�twn, dhlad , lk = Xk−1Xk(1 ≤ k ≤ n). 'Estw α(li, lj) o mèsoc

arijmìc diastaur¸sewn metaxÔ twn li kai lj, tìte èqoume

χn =
1

2

∑
1≤i,j≤n

α(li, lj), (4.17)

kai

E(χn) =
1

2

∑
1≤i,j≤n

E(α(li, lj)) =
∑

1≤i<j≤n

E(α(li, lj)). (4.18)

Lìgw summetrÐac, E(α(li1 , lj1)) = E(α(li2 , lj2)) ìpote |j1 − i1| = |j2 − i2|.
Sunep�getai ìti

E(χn) =
∑

3≤j≤n

(n− j + 1)E(α(l1, lj)), (4.19)

ìpou to j xekin� sto 3 afoÔ α(l1, l2) = 0 afoÔ n− (j−1) to pl joc zeÔgh

akm¸n apèqoun kat� j − 1 b mata. Jètontac rj = |Xj−1−X1|, P = X1, P1 =

0, Q = Xj−1 kai Q1 = Xj, paÐrnoume

E(α(l1, lj)|rj) =
1

16r2
j

+ O(
1

r3
j

) (4.20)

gia k�je stajerì rj ≥ 4 apì to L mma 4.1.6. AfoÔ to rj eÐnai mÐa tuqaÐa

metablht  pou exart�tai mìno apì to Xj−1−X1, kai afoÔ to Xj−1−X1 èqei

thn Ðdia sun�rthsh puknìthtac pijanìthtac me to Xj−2, ep�getai ìti
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E(α(l1, lj)) =

∫
E(α(l1, lj)|rj)fj−2(|Xj−1 −X1|)d(Xj−1 −X1)

=

∫
E(α(l1, lj)|rj)4πr2

jfj−2(rj)drj

=

∫

rj<4

E(α(l1, lj)|rj)4πr2
jfj−2(rj)drj +

∫

rj≥4

E(α(l1, lj)|rj)4πr2
jfj−2(rj)drj

(4.21)

'Opou 4πr2
j eÐnai to embadìn thc sfaÐrac aktÐnac rj me kèntro thn koruf 

X1p�nw sthn opoÐa mporeÐ na brÐsketai h koruf  Xj−1 pou apèqei apìstash

rj apì thn koruf  X1.

AfoÔ α(l1, lj) eÐnai o mèsoc arijmìc diastaur¸sewn metaxÔ dÔo eujÔ-

grammwn akm¸n, eÐnai to polÔ 1. An j ≥ 12, tìte apì to L mma 4.1.2.

∫

rj<4

E(α(l1, lj)|rj)4πr2
jfj−2(rj)drj

≤
∫

rj<4

4πr2
jfj−2(rj)drj

≤ 4π

∫

[0,4]

(( 3

2π(j − 2)

) 3
2 r2

j exp
(− 3r2

j

2(j − 2)

)
+

r2
j

2(j − 2)
5
2

)
drj

= O(
1

j
3
2

).

(4.22)

'Apì thn �llh,

∫

rj≥4

E(α(l1, lj)|rj)4πr2
jfj−2(rj)drj

=
π

4

∫

[4,j−2]

(
1 + O(

1

rj

)
)( 3

2π(j − 2)

)
exp

(− 3r2
j

2(j − 2)

)
drj

+
π

4

∫

[4,j−2]

(
1 + O(

1

rj

)
)( 1

2(j − 2)
5
2

)
drj

=
3

16j
+ O(

ln j

j
3
2

).

(4.23)
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Shmei¸noume ìti gia ton upologismì qrhsimopoioÔme thn èkfrash

exp
(− 3r2

j

2(j−2)

)
=

∑
0≤n≤∞

(− 3r2
j

2(j−2)

)n 1
n!
.

Sundu�zontac ta parap�nw apotelèsmata, paÐrnoume

E(α(l1, lj)) =
3

16j
+ O(

ln j

j
3
2

). (4.24)

E(χn) =
3

16
n

∑
3≤j≤n

1

j
− 3

16
(n− 3) + nO(

∑
3≤j≤n

ln j

j
3
2

) (4.25)

To apotèlesma akoloujeÐ afoÔ ta
∑

3≤j≤n
1
j
− ln n kai

∑
3≤j≤n

ln j

j
3
2

su-

gklÐnoun kai ta dÔo.

Parat rhsh 4.1.7. Oi arijmhtikèc prosomoi¸seic [21] deÐqnoun mÐa sumpe-

rifor� thc morf c n ln n + cn epÐshc gia alusÐdec me apokleiìmeno ìgko.

Gia thn asumptwtik  sumperifor� tou 〈ACN〉 enìc tuqaÐou polug¸nou

èqoume to parak�tw:

Je¸rhma 4.1.8. 'Estw χ′n na eÐnai o ACN enìc kanonikoÔ tuqaÐou polug¸nou

n bhm�twn tìte h mèsh tim  tou ACN p�nw apì ìlo to statistikì sÔnolo

kanonik¸n tuqaÐwn polug¸nwn n bhm�twn eÐnai

E(χ′n) =
3

16
n ln n + O(n). (4.26)

Apìdeixh. An kai to apotèlesma tou Jewr matoc 4.1.8 eÐnai parìmoio me autì

tou Jewr matoc 4.1.5, h apìdeix  tou apaiteÐ ènan pio eidikì qeirismì afoÔ

ta kanonik� tuqaÐa polÔgwna den èqoun pia thn idiìthta thc m  perij¸riac

Markobian c alusÐdac. 'Estw χ′n o ACN enìc kanonikoÔ tuqaÐou polug¸nou

n tuqaÐwn bhm�twn. 'Opwc kai sthn apìdeixh tou Jewr matoc 4.1.5, èstw lk
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to k−stì tm ma tou polug¸nou, dhlad  lk = Xk−1Xk(1 ≤ k ≤ n). 'Estw

α(li, lj) o mèsoc arijmìc diastaur¸sewn metaxÔ twn li kai lj, tìte èqoume

χ′n =
1

2

∑
1≤i,j≤n

α(li, lj), (4.27)

kai

E(χ′n) =
1

2

∑
1≤i,j≤n

E(α(li, lj)). (4.28)

Sthn perÐptwsh enìc tuqaÐou perip�tou me n b mata, èqoume E(α(li2 , lj1)) =

E(α(li2 , lj2)) ìpote |j1 − i1| = |j2 − i2|, ìpou ta li1 , lj1 mporeÐ na an koun

se k�poion tuqaÐo perÐpato me n b mata kai ta li2 , lj2 mporeÐ na an koun se

k�poio tuqaÐo perÐpato me m b mata tètoio ¸ste n 6= m. Autì den isqÔei gia

èna kanonikì tuqaÐo polÔgwno n akm¸n. Wstìso, an li1 , lj1 , li2 kai lj2 eÐnai

tm mata enìc kanonikoÔ tuqaÐou polug¸nou me n tm mata, tìte exakolou-

joÔme na èqoume E(α(li2 , lj1)) = E(α(li2 , lj2)) ìpote |j1 − i1| = |j2 − i2|  
|j1 − i1| = n− |j2 − i2| lìgw summetrÐac. Ep�getai ìti

E(χ′n) = n
∑

3≤j≤(n+1)/2

E(α(l1, lj)). (4.29)

Xan� to j xekin� sto 3 ston parap�nw tÔpo afoÔ to α(l1, lj) eÐnai p�nta

0. 'Estw rj = |Xj−1 −X1|. AfoÔ to α(l1, lj) exart�tai mìno apì ta X1, Xj−1

kai to Xj, apì ta L mmata 4.1.4 kai 4.1.6 ,èqoume
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E(α(l1, lj)) =

∫ ∫ ∫
α(l1, lj)hj−2(X1, Xj−1, Xj)dX1dXj−1dXj

=

∫ ∫
α(l1, lj)φ(X1)φ(Xj −Xj−1)dX1dXj·

∫ ((√ 3

2πσ2
n(j−2)

)3
exp

(−3|Xj−1|2
2σn(j−2)

)
+ O(

1

j5/2
)

)
dXj−1

=

∫ ∫
α(l1, lj)φ(U1)φ(U2)dU1dU2·

∫

rj<4

(( 3

2πσ2
n(j−2)

) 3
2 exp

(−3|Xj−1|2
2σn(j−2)

)
+ O(

1

j5/2
)
)
dXj−1

+

∫ ∫
α(l1, lj)φ(U1)φ(U2)dU1dU2·

∫

rj≥4

(( 3

2πσ2
n(j−2)

) 3
2 exp

(−3|Xj−1|2
2σn(j−2)

)
+ O(

1

j5/2
)
)
dXj−1

= O(
1

j
3
2

) +
π

4

∫

[4,j−2]

(
1 + O(

1

rj

)
) · ( 3

2πσ2
n(j−2)

) 3
2 exp

(− 3r2
j

2σ2
n(j−2)

)
drj

=
3

16σ2
n(j−2)

+ O(
ln j

j
3
2

) =
3

16
(

1

j − 2
+

1

n− j + 2
) + O(

ln j

j
3
2

)

=
3

16j
+ O(

1

n
) + O(

ln j

j
3
2

),

(4.30)

ìpou U1 = X1 kai U2 = Xj − Xj−1. PaÐrnoume to apotèlesma, afoÔ

ta
∑

3≤j≤n/2
1
j
− ln n kai

∑
3≤j≤n/2

ln j

j
3
2

sugklÐnoun kai ta dÔo, to apotèlesma

akoloujeÐ.

Melet¸ntac ta parap�nw apotelèsmata, bg�zoume endiafèronta sumper�-

smata [17]:

'Ena polÔ endiafèron apotèlesma èrqetai apì thn melèth thc asumptwti-

k c sumperifor�c tou <ACN> wc proc ton arijmì twn tmhm�twn n gia di-

aforetikoÔc tÔpouc kìmbwn K, <ACN(K)>. H tomèc tou <ACN(K)> me to
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<ACN> ìlwn twn tuqaÐwn polug¸nwn orÐzoun to eponomazìmeno m koc isor-

ropÐac enìc dojèntoc tÔpou kìmbou K, dhl. to m koc sto opoÐo èna sÔnolo

kìmbwn enìc dojèntoc tÔpou met� apì kìyimo kai xan� kìllhma den ja èqoun

thn t�sh na elatt¸soun   na aux soun to <ACN> touc diamorf¸nontac pio

aploÔc   pio polÔplokouc kìmbouc.

H Ðdia melèth ègine kai gia èna �llo mègejoc pou qrhsimopoieÐtai suqn�

gia thn melèth polumerik¸n alusÐdwn, thn guroskopik  aktÐna 〈R2
G〉. H

guroskopik  aktÐna orÐzetai wc thn mèsh tetragwnik  apìstash twn akm¸n

tou polug¸nou apì to kèntro m�zac tou polug¸nou kai ekfr�zei to mègejoc

tou polug¸nou. ApodeiknÔetai ìti to m koc isorrìpÐac gia thn guroskopik 

aktÐna enìc tÔpou kìmbou (Eik. 4.2) eÐnai to Ðdio me to m koc isorropÐac gia

to mèso arijmì diastaur¸sewn enìc sugkekrimènou tÔpou kìmbou.

4.2 Mèsoc arijmìc diastaur¸sewn dÔo tuqaÐ-

wn perip�twn   polug¸nwn

Sto [18] anafèrontai peretaÐrw gewmetrikèc idiìthtec tuqaÐwn perip�twn kai

polug¸nwn k�nontac qr sh tou mèsou arijmoÔ diastaur¸sewn an�mesa se

dÔo tuqaÐouc perÐpatouc   dÔo tuqaÐa polÔgwna ICN. To ICN èqei qrhsi-

mopoihjeÐ gia na qarakthrÐsei to mègejoc thc diaplok c dÔo (  perissìterwn)

anex�rthtwn polumerik¸n alusÐdwn afair¸ntac thn �nnoia thc autìdiaplok c

thc k�je alusÐdac polumeroÔc.

To parak�tw je¸rhma apodeiknÔetai sto [18].

Je¸rhma 4.2.1. 'Estw X kai Y dÔo kanonikoÐ tuqaÐoi perÐpatoi Ðsou m kouc

n, ta arqik� shmeÐa twn opoÐwn apèqoun apìstash ρ ≥ 0. 'Estw ξn(ρ) o

arijmìc diastaur¸sewn metaxÔ twn X kai Y tìte
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Sq ma 4.2: Arijmhtikèc prosomoi¸seic idanik¸n tuqaÐwn polug¸nwn deÐq-

noun thn auxhtik  t�sh tou 〈R2
G〉 tuqaÐwn polug¸nwn wc proc to m koc twn

alusÐdwn. H grafik  par�stash thc 〈R2
G〉 enìc tuqaÐou polug¸nou kaj¸c

to m koc tou aux�nei, tèmnei th grafik  par�stash thc guroskopik c aktÐnac

enìc sugkekrimènou tÔpou kìmbou kaj¸c to m koc tou kìmbou aux�nei. To

shmeÐo tom c orÐzei to m koc isorropÐac tou kìmbou autoÔ [17].
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E(ξn(ρ)) =
3 ln 2

8
n + ε(n, ρ) (4.31)

ìpou ε(n, ρ) eÐnai o ìroc tou sf�lmatoc kai eÐnai fragmènoc apì to M(ln n+

ρ + ρ2)
√

n gia mÐa jetik  stajer� M pou eÐnai anex�rthth twn n kai ρ.

Gia thn apìdeixh tou Jewr matoc ja qreiastoÔme to parak�tw l mma:

L mma 4.2.2. 'Estw l1 kai l2 dÔo anex�rthta tuqaÐa dianÔsmata omoiìmorfa

katanemhmèna p�nw sthn monadiaÐa sfaÐra. An ta arqik� shmeÐa X kai Y

twn dÔo dianusm�twn eÐnai topojethmèna ètsi ¸ste h diafor� touc X − Y

ikanopoieÐ thn kanonik  katanom  me sun�rthsh puknìthtac pijanìthtac

( 1

2πσ2

)
exp

(
−|X − Y |2

2σ2

)
, (4.32)

tìte èqoume

E(α(l1, l2)) =
1

16σ2
+ O

( ln σ

σ3

)
. (4.33)

Apìdeixh tou Jewr matoc 4.3. Ac jewr soume thn perÐptwsh pou ρ = 0 ar-

qik�. Se aut n thn perÐptwsh, kai oi dÔo tuqaÐoi perÐpatoi X kai Y ja

arqÐzoun sto arqikì shmeÐo. 'Estw ei h i−st  akm  tou X, kai e′j h j−st 

akm  tou Y kai a(ei, e
′
j) o ACN metaxÔ twn e1 kai e2, tìte

E(ξn(0)) =
∑

1≤i,j≤n

E(α(ei, e
′
j)). (4.34)

'Ara prèpei na broÔme to E(α(ei, e
′
j)) gia k�je i, j. Profan¸c, an i+j ≤ 2,

tìte α(ei, e
′
j) = 0 �ra qrei�zetai mìno na jewr soume thn perÐptwsh ìtan

i + j ≥ 3. 'Estw Xi−1, Xi ta �kra thc ei kai èstw Yj−1Yj ta �kra thc e′j,

tìte h akoloujÐa Xi−1, Xi−2, . . . , X1, 0, Y1, . . . , Yj−1 mporeÐ na jewrhjeÐ ènac

kanonikìc tuqaÐoc perÐpatoc k = i + j − 2 akm¸n pou xekÐnhse sto shmeÐo

Xi−1. Me �lla lìgia, oi ei kai e′j mporoÔn na jewrhjoÔn san dÔo akmèc enìc
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tuqaÐou perip�tou kai up�rqoun k = i+j−2 akmèc metaxÔ touc. 'Opwc deÐxame

sthn apìdeixh tou Jewr matoc 4.1 èqoume

E(α(ei, e
′
j)) =

3

16k
+ O(

ln k

k
3
2

). (4.35)

SumperaÐnoume ìti

E(ξn(0)) =
∑

1≤i,j≤n,i+j≥3

E(α(ei, e
′
j))

=
∑

1≤i,j≤n,i+j≥3

3

16(i + j − 2)
+ O

( ∑
1≤i,j≤n,i+j≥3

l(i + j − 2)

i + j − 2

3
2 )

=
3

16

∑

1≤k≤n−1

k + 1

k
+

3

16

∑

0≤k≤n−2

n− (k + 1)

n + k
+ O(

√
n ln n)

=
3 ln 2

8
n + O(

√
n ln n)

(4.36)

Shmei¸noume ìti sta parap�nw qrhsimopoi same tic parak�tw ektim seic:

∑

1≤k≤n−1

k + 1

k
= n + O(ln n), (4.37)

∑

1≤k≤n−2

n− (k + 1)

n + k
= n

∫

[0,1]

1− x

1 + x
+ O(1) = (2 ln 2− 1)n + O(1) (4.38)

kai

∑
1≤i,j≤n,i+j≥3

ln(i + j − 2)

(i + j − 2)
3
2

<
∑

1≤k≤2n−2

k ln k

k
3
2

=
∑

1≤k≤2n−2

ln k

k
1
2

= O(
√

n ln n).

Autì apodeiknÔei to Je¸rhma sthn perÐptwsh pou ρ = 0. T¸ra ac jew-

r soume thn perÐptwsh pou ρ > 0 kai eÐnai sqetik� mikrì se sÔgkrish me to

n, to m koc twn tuqaÐwn perip�twn. .
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Sq ma 4.3: DÔo kanonikoÐ tuqaÐoi perÐpatoi pou xekinoÔn apì diaforetik�

shmeÐa

Se aut n thn perÐptwsh, o X par�getai ìpwc prin all� up�rqei èna epi-

plèon b ma gia na par�goume ton Y . Pr¸ta par�goume ènan kanonikì tuqaÐo

perÐpato n akm¸n xekin¸ntac apì thn arq . 'Epeita epilègoume mÐa tuqaÐa

kateÔjunsh (dhlad  èna tuqaÐo di�nusma pou eÐnai omoiìmorfa katanemhmèno

sthn monadiaÐa sfaÐra) kai metafèroume ton Y proc aut n thn kateÔjunsh

kat� mÐa apìstash ρ. Me �lla lìgia, to di�nusma ~ρ prostÐjetai se k�je akm 

tou Y (san di�nusma), Sq ma 4.3. Gia lìgouc eukolÐac ja lème autìn ton

metafermèno tuqaÐo perÐpato p�li Y . Oi akmèc tou X ja onom�zontai akìma

Xi−1(me i = 1 èwc n+1) kai oi korufèc tou (metafermènou) Y ja onom�zontai

akìma Yj−1(1 ≤ j ≤ n + 1). Apì thn �llh oi akmèc tou Y prÐn th metafor�

ja sumbolÐzontai Y ′
j−1.

'Opwc prin, e�n jèsoume ξ(ρ) na eÐnai o ICN metaxÔ twn X kai Y

E(ξn(ρ)) =
∑

1≤i,j≤n

E(α(ei, e
′
j)), (4.40)

ìpou ei eÐnai h i−st  akm  tou X kai e′j eÐnai h j−st  akm  tou (metafermè-

nou) Y . To skeptikì pou qrhsimopoi same sthn apìdeixh tou Jewr matoc 4.1

den mporeÐ na efarmosjeÐ se aut n thn perÐptwsh afoÔ h sun�rthsh puknìth-

tac pijanìthtac tou Yj−1 − Xi−1 èqei all�xei. 'Estw r = |Yj−1 − Xi−1| =
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|~ρ + Y ′
j−1 + Xi−1| kai r1 = |Y ′

j−1 − Xi−1|. Apì to L mma 4.1.6 èqoume (me

stajer� ~ρ kai r1)

E(α(ei, e
′
j)|~ρ, r1) =

1

16r2
+ O(

1

r3
) (4.41)

'Estw θ h gwnÐa metaxÔ twn ~ρ kai Y ′
j−1 −Xi−1. 'Eqoume

r2 = r2
1 + ρ2 − 2r1ρ cos θ. (4.42)

'Opwc anafèrame prÐn, h sun�rthsh puknìthtac pijanìthtac tou θ eÐnai
1
2
sin θ kai 0 ≤ θ ≤ π. 'Etsi èqoume

E(α(e2, e
′
j)|r1) =

∫

[0,1]

1

2
sin θ

( 1

16r2
+ O

( 1

r3

))
dθ

=
1

64r1ρ
ln

(r1 + ρ

r1 − ρ

)2
+ O

( 1

r1(r2
1 − ρ2)

)
.

(4.43)

AfoÔ α(ei, e
′
j) ≤ 1, èqoume E(α(ei, e

′
j)|r1) ≤ 1 gia k�je r1. Sugkekrimèna,

mporoÔme na fr�xoume to E(α(ei, e
′
j)|r1) me to 1 gia k�je r1 < 2ρ. Apì thn

�llh, e�n r1 ≥ 2ρ, tìte èqoume ln
(

r1+ρ
r1−ρ

)
= 2ρ

r1
+ O

(
ρ2

r2
1

)
, 1

r1(r2
1−ρ2)

= O
(

1
r3
1

)
kai

E(α(ei, e
′
j) =

1

16r2
1

+
1

r3
1

(O(1) + O(ρ) (4.44)

Ex orismoÔ,

E(α(ei, e
′
j)) =

∫

[0,k]

4πr2
1fk(r1)E(α(ei, e

′
j)|r1)dr1

≤
∫

[0,2ρ]

4πr2
1fk(r1)dr1 +

∫

[2ρ,k]

4πr2
1fk(r1)E(α(ei, e

′
j)|r1)dr1,

(4.45)

ìpou

fk(r1) =
((√ 3

2πk

)3
exp

(−3r2
1

2k

)
+ O

( 1

k
5
2

))
(4.46)
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ìpwc orÐzetai sto 4.2.2. To pr¸to olokl rwma sthn parap�nw sqèsh

fr�ssetai profan¸c apì O(ρ2) 1

k
3
2
. Apì thn �llh, to deÔtero olokl rwma

sthn parap�nw sqèsh ektim�tai na eÐnai

3

16k
+ O

( ln k

k
3
2

)
+ O(ρ)

1

k
3
2

(4.47)

Aut  h ektÐmhsh gÐnetai me parìmoia an�lush me aut  pou qrhsimopoieÐtai

sthn apìdeixh tou Jewr matoc 4.1. Sundu�zontac ta parap�nw apotelèsmata,

lamb�noume

E(α(ei, e
′
j)) =

3

16k
+ (O(ln k) + O(ρ) + O(ρ2))

1

k
3
2

(4.48)

ìpou k = i + j − 2 ≥ 1 ρ = 0. T¸ra mporoÔme na akolouj soume thn

Ðdia apìdeixh ìpwc aut n thc perÐptwshc ρ = 0 kai na p�roume to parak�tw

apotèlesma:

E(ξn(ρ)) =
3 ln 2

8
n + O(ln n + ρ + ρ2) +

√
n. (4.49)

ParathroÔme ìti h auxhtik  t�sh tou arijmoÔ diastaur¸sewn wc proc to

m koc n twn kanonik¸n tuqaÐwn perip�twn ja eÐnai thc morf c O(n) sthn

perÐptwsh pou h apìstash twn arqik¸n touc shmeÐwn ρ eÐnai sqetik� mikrh se

sÔgkrish me to n. Fusik� k�je stajerì ρ se k�poio shmeÐo ja gÐnei mikrì se

sqèsh me to m koc twn alusÐdwn kaj¸c oi alusÐdec megal¸noun, kai o mèsoc

arijmìc diastaur¸sewn ja teÐnei telik� sthn grammik  sumperifor� 3 ln 2
8

n.

Sthn perÐptwsh pou to ρ eÐnai polÔ megalÔtero apì to n oi dÔo tuqaÐoi

perÐpatoi ja eÐnai (tic perissìterec forèc) makri� o ènac apì ton �llo afoÔ

h mèsh di�metroc enìc tuqaÐou perip�tou eÐnai thc t�xhc O(
√

n). 'Ara oi

probolèc touc den ja tèmnontai sta perissìtera epÐpeda probol c (dhlad  oi

arijmoÐ diastaur¸sewn se autèc tic probolèc ja eÐnai ìloi mhdèn). Jètoume

to arqikì shmeÐo enìc tuqaÐou perip�tou na eÐnai sto kèntro mÐac sfaÐrac
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aktÐnac ρ kai jewroÔme to arqikì shmeÐo tou �llou perip�tou na eÐnai p�nw

sth sfaÐra. AfoÔ h guroskopik  aktÐna enìc tuqaÐou perip�tou m kouc n

eÐnai thc t�xhc O(
√

n), tìte to embadìn twn probol¸n stic opoÐec o arijmìc

diastaur¸sewn metaxÔ twn dÔo tuqaÐwn perip�twn eÐnai di�foroc tou mhdenìc

ja eÐnai thc t�xhc O(n). 'Ara to E(ξn(ρ)) ja eÐnai Ðso me to embadìn twn

probol¸n wc proc tic opoÐec o arijmìc diastaur¸sewn eÐnai di�foroc tou

mhdenìc proc to embadìn ìlhc thc sfaÐrac, dhlad  ja eÐnai thc t�xhc O( n
ρ2 ).

Sto [18] autì epibebai¸netai mèsw arijmhtik¸n prosomoi¸sewn kai m�lista oi

auxhtikèc t�seic twn mèswn arijm¸n diastaur¸sewn gia tuqaÐouc perip�touc

twn opoÐwn ta arqik� shmeÐa apèqoun apìstash ρ ≈ √
n, eÐte ρ ¿ √

n eÐte

ρ À √
n proseggÐzontai ìlec apì mÐa sun�rthsh thc morf c 3 ln 2

8
n n+bρ

n+aρ3 .

Sthn perÐptwsh pou oi dÔo kanonikoÐ tuqaÐoi perÐpatoi eÐnai diaforetikoÔ

m kouc, apodeiknÔontai ta parak�tw [18]:

Je¸rhma 4.2.3. 'Estw EW1 kai EW2 dÔo tuqaÐoi perÐpatoi Ðsou m kouc

b matoc. 'Estw n to m koc tou EW1 kai m to m koc tou EW2. QwrÐc èlleiyh

genikìthtac mporoÔme na upojèsoume ìti n ≥ m kai r = n
m
≥ 1. E�n ta arqik�

shmeÐa twn EW1 kai EW2 apèqoun mÐa mikr  apìstash ρ ≥ 0, tìte h mèsh

tim  tou mèsou ICN metaxÔ twn EW1 kai EW2 mporeÐ na proseggisteÐ apì to

arm ìpou

ar =
3

16

∫

[0,r]

dy

∫

[0,1]

1

x + y
dx =

3

16
ln

(1 + r)1+r

rr
(4.50)

kai o ìroc sf�lmatoc eÐnai thc t�xewc to polÔ
√

m ln m.

Parat rhsh 4.2.4. ParathroÔme ìti o tÔpoc tou parap�nw jewr matoc

eÐnai summetrikìc. Dhlad  gia r = m
n

tìte h mèsh tim  tou mèsou ICN

metaxÔ twn EW1 kai EW2 mporeÐ na proseggisteÐ apì to arn.
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Tèloc, sthn perÐptwsh dÔo kanonik¸n tuqaÐwn polug¸nwn diaforetikoÔ

m kouc apodeiknÔetai ìti [18] h antÐstoiqh mèsh tim  tou mèsou arijmoÔ di-

astaur¸sewn mporeÐ na ekfrasteÐ wc brn(sÔn ènan diorjwtikì ìro), ìpou br

orÐzetai akrib¸c me èna orismèno olokl rwma kai èqei thn idiìthta 2ar < br <

4ar.

Je¸rhma 4.2.5. 'Estw EP1 kai EP2 dÔo tuqaÐa polÔgwna Ðsou b matoc.

'Estw n to m kìc tou EP1 kai m to m koc tou EP2. QwrÐc bl�bh thc

genikìthtac, mporoÔme na upojèsoume ìti n ≥ m kai èstw r = n
m
≥ 1. E�n

ta arqik� shmeÐa twn EP1 kai EP2 apèqoun mÐa mikr  apìstash ρ ≥ 0, tìte

h mèsh tim  tou mèsou ICN metaxÔ twn EP1 kai EP2 mporeÐ na proseggisteÐ

apì brm ìpou

br =
3

4

∫

[0,r/2]

dy

∫

[0,1/2]

1

x(1− x) + y(1− y
r
)
dx. (4.51)



Kef�laio 5

O arijmìc perièlixhc kai h

sustrof  omoiìmorfwn

tuqaÐwn prosanatolismènwn

polug¸nwn se periorismènouc

q¸rouc

Ja parousi�soume k�poia apì ta apotelèsmata pou aforoÔn thn diaplok 

omoiìmorfwn tuqaÐwn prosanatolismènwn polug¸nwn se ènan periorismèno

q¸ro apì touc J. Arsuaga, T. Blackstone, Y. Diao, E. Karadayii kai M. Saito

sto [19] kai ta epekteÐnoume gia na ektim soume thn auxhtik  t�sh thc mèshc

tetragwnik c sustrof c enìc prosanatolismènou tuqaÐou polug¸nou se ènan

periorismèno q¸ro kaj¸c kai thn auxhtik  t�sh tou arijmoÔ perièlixhc enìc

omoiìmorfou tuqaÐou polug¸nou kai mÐac apl c epÐpedhc kleist c prosana-

tolismènhc kampÔlhc.

QrhsimopheÐtai to montèlo URP pou eis gage o K. Millett sto [14]. Autì

to montèlo eÐnai plÔ diaforetikì apì ta tuqaÐa polÔgwna Ðsou b matoc kai twn
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Gkaoussian¸n tuqaÐwn polug¸nwn, kaj¸c den up�rqei stajerì m koc desm¸n

kai k�je suntetagmènh mÐac koruf c tou omoiìmorfou tuqaÐou polug¸nou

akoloujeÐ thn omoiìmorfh katanom  p�nw apì to [0, 1]. Autì to montèlo

deÐqnei piotik� apotelèsmata parìmoia me aut� �llwn montèlwn gia polumer ,

kai dÐnei thn dunatìthta na par�goume akribeÐc apodeÐxeic, en¸ tautìqro-

na mei¸nei shmantik� ton upologistikì qrìno. To montèlo URP dÐnei thn

dunatìthta se k�poion na prosomoi¸nei kìmbounc me èg�lo arijmì tom¸n kai

epÐshc na genna meg�la diagrammatik� pr¸ta diagr�mmata kìmbwn [20].

5.1 Tetragwnikìc arijmìc perièlixhc kai

tetragwnikìc arijmìc sustrof c omoiì-

morfwn tuqaÐwn prosnatolismènwn

polug¸nwn se periorismèno q¸ro

To epìmeno Je¸rhma èqei apodeiqjeÐ sto [19].

Je¸rhma 5.1.1. O mèsoc tetragwnikìc arijmìc perièlixhc metaxÔ dÔo

prosanatolismènwn omoiìmorfwn tuqaÐwn polug¸nwn X kai Y n akm¸n to

kajèna (ston periorismèno q¸ro C3 = [0, 1]3) eÐnai 1
2
n2q ìpou q > 0. Parì-

moia apotelèsmata isqÔoun e�n to C3 antikatastajeÐ apì èna summetrikì kurtì

sÔnolo ston R3.

Parat rhsh 5.1.2. ParathroÔme ìti to parap�nw apotèlesma eÐnai anex�rth-

to tou prosanatolismoÔ twn dÔo omoiìmorfwn tuqaÐwn polug¸nwn. H apìluth

tim  tou arijmoÔ perièlixhc metaxÔ twn prosanatolismènwn tuqaÐwn polug¸-

nwn eÐnai shmantik .
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Sthn perÐptwsh pou eÐnai mìno dÔo (anex�rthtec) prosanatolismènec akmèc

l1 kai l2. AfoÔ ìla ta �kra twn akm¸n eÐnai anex�rthta kai omoiìmorfa

katanemhmèna sto C3, h pijanìthta oi probolèc twn l1 kai l2 , na tèmnoun h

mÐa thn �llh eÐnai ènac jetikìc arijmìc ton opoÐo onom�zoume 2p. OrÐzoume mÐa

tuqaÐa metablht  wc ex c : ε = 0 e�n oi probolèc twn l1 kai l2 den tèmnontai,

ε = −1 e�n oi probolèc twn l1 kai l2 èqoun arnhtik  tom  kai ε = 1 e�n oi

probolèc twn l1 kai l2 èqoun jetik  tom .

Tìte blèpoume ìti P (ε = 1) = P (ε = −1) = p, E(ε) = 0 kai V ar(ε) =

E(ε2) = 2p. Gia thn apìdeixh tou prohgoÔmenou Jewr matoc ja qrhsimopoi -

soume to parak�tw L mma pou afor� thn perÐptwsh ìtan up�rqoun tèssereic

akmèc (k�poiec apo tic opoÐec mporeÐ na tautÐzontai   na èqoun mÐa koin  ko-

ruf ) anameigmènec : l1, l2, l
′
1 kai l′2. 'Estw ε1 o tuqaÐoc arijmìc ε pou orÐsthke

parap�nw metaxÔ twn l1 kai l′1 kai èstw ε2 o tuqaÐoc arijmìc pou orÐzetai

metaxÔ twn l2 l′2.

L mma 5.1.3. (1) E�n ta �kra twn l1, l2, l
′
1 kai l′2 eÐnai diaforetik�,

tìte E(ε1ε2) = 0 (aut  eÐnai h perÐptwsh pou up�rqoun oqt¸ anex�rthta

shmeÐa anemhgmèna).

(2) E�n l1 = l2, kai ta �kra twn l′1 kai l′2 eÐnai diaforetik� (autì mac an�gei

sthn perÐptwsh pou up�rqoun mìno treÐc tuqaÐec akmèc me èxi anex�rthta

shmeÐa anemeigmèna), tìte E(ε1ε2) = 0.

(3) Sthn perÐptwsh pou l1 = l2, kai l′1 kai l′2 èqoun èna koinì shmeÐo (�ra

up�rqoun mìno pènte anex�rthta shmeÐa anameigmèna se aut n thn perÐptwsh),

èstw u = E(ε1ε2) kai sthn perÐptwsh pou l1 kai l2 èqoun èna koinì shmeÐo, kai

l′1 kai l′2 epÐshc èqoun èna koinì shmeÐo (�ra up�rqoun mìno tèssereic akmèc

pou orÐzontai apì èxi anex�rthta tuqaÐa shmeÐa anemeigmèna se aut� ta shmeÐa

se aut n thn perÐptwsh), èstw E(ε1ε2) = v. 'Eqoume q = p + 2(u + v) > 0,

ìpou p orÐzetai ìpwc prÐn.

Apìdeixh. (1) EÐnai profanèc afoÔ ε1 kai ε2 eÐnai anex�rthtec tuqaÐec meta-

blhtèc se aut n thn perÐptwsh.
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(2) Gia k�je diamìrfwsh sthn opoÐa oi probolèc twn l′1 kai l′2 tèmnoun kai

oi dÔo thn probol  thc l1(afoÔ alli¸c ε1ε2 = 0), up�rqoun oqt¸ diaforetikoÐ

trìpoi gia na b�loume prosanatolismì stic akmèc. Tèssereic apì autoÔc

dÐnoun ε1ε2 = −1 kai tèssereic apì autoÔc dÐnoun ε1ε2 = 1. AfoÔ h apì

koinoÔ puknìthta pijanìthtac twn koruf¸n pou anameignÔontai eÐnai apl�
1

V 6 , ìpou V eÐnai o ìgkoc tou periorismènou q¸rou C3, ètsi qrhsimopoi¸ntac

èna epiqeÐrhma summetrÐac èqoume E(ε1ε2) = 0.

(3) JewroÔme thn perÐptwsh pou afor� dÔo tuqaÐa trÐgwna. Ta prosana-

tolÐzoume kai onom�zoume tic akmèc tou pr¸tou trig¸nou l1, l2 kai l3. OmoÐwc,

onom�zoume tic akmèc tou deÔterou trig¸nou, l′1, l
′
2 kai l′3. 'Estw εij o prosi-

masmènoc arijmìc thc diastaÔrwshc ε metaxÔ twn akm¸n li kai l′j. JewroÔme

thn diaspor� tou ajroÐsmatoc
∑

1≤i,j≤6 εij(oi deÐktec tou ajroÐsmatoc èqoun

parjeÐ me th qr sh tou mod 8):

V (
∑

1≤i,j≤3

εij) = E((
∑

1≤i,j≤3

εij)
2)

=
∑

1≤i,j≤3

E(ε2
ij) + 2

∑
1≤i,j≤3

(E(εijε(i−1)j)) + E(εijεi(j+1)))

+ 2
∑

1≤i≤3

(E(εijεi+1,j+1) + E(εi,jεi−1,j+1))

(5.1)

AfoÔ ta εij eÐnai tautìsimec tuqaÐec metablhtèc, dhlad , èqoun tic Ðdiec

katanomèc, k�je ìroc sto pr¸to �jroisma thc dexi�c pleur�c sthn parap�nw

sqèsh dÐnei 2p, k�je ìroc sto deÔtero �jroisma dÐnei u (blèpe l mma 5.1.3

(1}, kai k�je ìroc sto trÐto �jroisma dÐnei v. Up�rqoun 9 ìroi sto pr¸to

�jroisma, kai 18 ìroi sto deÔtero �jroisma. 'Etsi èqoume

V (
∑

1≤i,j≤3

εij) = 18p + 36(u + v) = 18(p + 2(u + v)). (5.2)

AfoÔ V (
∑

1≤i,j≤3 εij) > 0, autì sunep�getai p + 2(u + v) > 0, ìpwc

isqurist kame.
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Ac jewr soume thn perÐptwsh pou dÔo omoiìmorfa tuqaÐa polÔgwna R1

kai R2 n koruf¸n to kajèna. Onìm�zoume tic akmèc twn R1 kai R2 l1, l2, . . . , ln

kai l′1, l
′
2, . . . , l

′
n ètsi ¸ste aut  h seir� tairi�zei me thn seir� pou ep�gei o

prosanatolismìc twn polug¸nwn. 'Opwc kai sthn apìdeixh tou L mmatoc

5.1.3, èstw εij o prosimasmènoc arijmìc diastaÔrwshc metaxÔ twn li kai l′j.

Tìte o arijmìc perièlixhc metaxÔ twn R1 kai R2 orÐzetai wc 1
2

∑
1≤i,j≤n εij.

'Opwc deÐxame sta kef�laia 2 kai 3, o arijmìc perièlixhc metaxÔ dÔo polug¸-

nwn eÐnai mÐa topologik  analloÐwth. Dhlad , o arijmìc perièlixhc upologi-

smènoc apì opoiad pote kanonik  probol  (sthn opoÐa up�rqoun mìno diplèc

diastaur¸seic) dÔo polug¸nwn topologik� isodÔnamwn me ta arqik� paramènei

amet�blhtoc.

Apìdeixh tou Jewr matoc5.1.1. EÔkola mporoÔme na diapist¸soume ìti

E
(( ∑

1≤i,j≤n

εij

)2)
=

1

2
n2q

Ergazìmenoi ìpwc sthn apìdeixh tou Jewr matoc 5.1.1 sto [19] ja apodeÐxoume

kai ja deÐxoume arijmhtik� to parak�tw je¸rhma pou afor� thn asumptwtik 

t�sh thc mèshc tetragwnik c sustrof c enìc prosanatolismènou omoiìmor-

fou tuqaÐou polug¸nou.

Je¸rhma 5.1.4. O mèsoc tetragwnikìc arijmìc sustrof c enìc prosana-

tolismènou omoiìmorfou tuqaÐou polug¸nou Pn n akm¸n (ston periorismèno

q¸ro C3) eÐnai thc t�xewc O(n2).

Sthn perÐptwsh pou eÐnai mìno dÔo (anex�rthtec) prosanatolismènec ak-

mèc l1 kai l2, afoÔ ìla ta �kra twn akm¸n eÐnai anex�rthta kai omoiìmorfa

katanemhmèna sto C3, h pijanìthta oi probolèc twn l1 kai l2 , na tèmnoun h mÐa

thn �llh eÐnai ènac jetikìc arijmìc ton opoÐo onom�zoume 2p. OrÐzoume mÐa
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tuqaÐa metablht  wc ex c : ε = 0 e�n oi probolèc twn l1 kai l2 den tèmnontai,

ε = −1 e�n oi probolèc twn l1 kai l2 èqoun arnhtik  tom  kai ε = 1 e�n oi

probolèc twn l1 kai l2 èqoun jetik  tom .

Tìte blèpoume ìti P (ε = 1) = P (ε = −1) = p, E(ε) = 0 kai V ar(ε) =

E(ε2) = 2p.

Ja qreiastoÔme to epìmeno L mma, akolouj¸nac to montèlo tou antÐ-

stoiqou L mmatoc 5.1.3 sto [19], pou afor� thn perÐptwsh ìtan up�rqoun

tèssereic akmèc (k�poiec apo tic opoÐec mporeÐ na tautÐzontai   na èqoun mÐa

koin  koruf ) anameigmènec : l1, l2, l
′
1 kai l′2. 'Estw ε1 o tuqaÐoc arijmìc ε pou

orÐsthke parap�nw metaxÔ twn l1 kai l′1 kai èstw ε2 o tuqaÐoc arijmìc pou

orÐzetai metaxÔ twn l2 l′2.

L mma 5.1.5. (1) E�n ta �kra twn l1, l2, l
′
1 kai l′2 eÐnai diaforetik�,

tìte E(ε1ε2) = 0 (aut  eÐnai h perÐptwsh pou up�rqoun oqt¸ anex�rthta

shmeÐa anemhgmèna).

(2) E�n l1 = l2, kai ta �kra twn l1, l
′
1 kai l′2 eÐnai diaforetik� (autì mac

an�gei sthn perÐptwsh pou up�rqoun mìno treÐc tuqaÐec akmèc me èxi anex�rth-

ta shmeÐa anemeigmèna), tìte E(ε1ε2) = 0.

(3) E�n ta l1 kai l′1,   ta l2 kai l′2 èqoun mÐa koin  koruf , tìte E(ε1ε2) = 0

(aut  eÐnai h perÐptwsh pou èqoume tèssereic akmèc kai mìno ept� anex�thta

shmeÐa).

(4) Sthn perÐptwsh pou l1 = l2, ta �kra twn l1 kai l′1 kai l1 kai l′2 eÐnai

diaforetik�, kai l′1 kai l′2 èqoun èna koinì shmeÐo (�ra up�rqoun mìno treÐc

akmèc pou orÐzontai apì pènte anex�rthta shmeÐa anameigmèna se aut n thn

perÐptwsh), èstw u = E(ε1ε2), sthn perÐptwsh pou l1 kai l2 èqoun èna koinì

shmeÐo, ta �kra twn l1 kai l′1 kai l1 kai l′2 eÐnai diaforetik�, kai l′1 kai l′2 epÐshc

èqoun èna koinì shmeÐo (�ra up�rqoun mìno tèssereic akmèc pou orÐzontai apì

èxi anex�rthta tuqaÐa shmeÐa anemeigmèna se aut� ta shmeÐa se aut n thn

perÐptwsh), èstw v = E(ε1ε2) kai èstw w = E(ε1, ε2) sthn perÐptwsh pou

oi l1, l2, l′1 kai l′2 eÐnai diadoqikèc (�ra up�rqoun mìno tèssereic akmèc pou
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orÐzontai apì pènte anex�rthta shmeÐa se aut n thn perÐptwsh). 'Eqoume

q′ = 3p + 2(2u + v + w) > 0, ìpou p orÐzetai ìpwc prÐn.

Parat rhsh 5.1.6. ParathroÔme ìti ta u, v kai p eÐnai aut� pou orÐsame

sthn apìdeixh tou L mmatoc 5.1.3.

Apìdeixh. (1) EÐnai profanèc afoÔ ε1 kai ε2 eÐnai anex�rthtec tuqaÐec meta-

blhtèc se aut n thn perÐptwsh.

(2) Gia k�je diamìrfwsh sthn opoÐa oi probolèc twn l′1 kai l′2 tèmnoun kai

oi dÔo thn probol  thc l1(afoÔ alli¸c ε1ε2 = 0), up�rqoun oqt¸ diaforetikoÐ

trìpoi gia na b�loume prosanatolismì stic akmèc. Tèssereic apì autoÔc

dÐnoun ε1ε2 = −1 kai tèssereic apì autoÔc dÐnoun ε1ε2 = 1. AfoÔ h apì

koinoÔ puknìthta pijanìthtac twn koruf¸n pou anameignÔontai eÐnai apl�
1

V 6 , ìpou V eÐnai o ìgkoc tou periorismènou q¸rou C3, ètsi qrhsimopoi¸ntac

èna epiqeÐrhma summetrÐac èqoume E(ε1ε2) = 0.

(3) EÐnai profanèc, afoÔ se aut n thn perÐprtwsh ε1 = 0   ε2 = 0.

(4) Ac melet soume thn perÐptwsh pou to polÔgwno èqei èxi akmèc. 'Estw

εij o algebrikìc arijmìc diastaÔrwshc ε metaxÔ twn akm¸n li kai lj. Jew-

roÔme thn diaspor� tou ajroÐsmatoc
∑

1≤i<j≤6,2≤|i−j|≤4 εij(oi deÐktec tou a-

jroÐsmatoc èqoun parjeÐ me th qr sh tou mod 6):

V (
∑

1≤i<j≤6,2≤|i−j|≤4

εij) = E((
∑

1≤i<j≤6,2≤|i−j|≤4

εij)
2)

=
∑

1≤i<j≤6,2≤|i−j|≤4

E(ε2
ij) + 2

∑
1≤i≤6

∑
i+2≤j≤i+3

E(εijεi(j+1))

+ 2
1

2

∑

1≤i,j≤6,|i−j|=3

E(εijεi+1,j+1)

+ 2
1

2

∑

1≤i,j≤6,|i−j|=2

E(εijεi−1,j+1)

+ 2
∑

1≤i≤6

E(εi(i+2)εi+1,i+3)

(5.4)
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AfoÔ ta εij eÐnai tautìsimec tuqaÐec metablhtèc, dhlad , èqoun tic Ðdiec

katanomèc, k�je ìroc sto pr¸to �jroisma thc dexi�c pleur�c sthn parap�nw

sqèsh dÐnei 2p, k�je ìroc sto deÔtero �jroisma dÐnei u, k�je ìroc sto trÐto

kai tètarto �jroisma dÐnei v kai k�je ìroc sto pèmpto �jroisma dÐnei w. 'Etsi

èqoume

V (
∑

1≤i,j≤6

εij) = 9 · 2p + 2(12 · u + 6 · v + 6 ·w) = 6(3p + 2(2u + v + w)). (5.5)

AfoÔ V (
∑

1≤i,j≤8 εij) > 0, autì sunep�getai 3p+2(2u+v +w) > 0, ìpwc

isqurist kame.

Ac jewr soume thn perÐptwsh enìc omoiìmorfou tuqaÐou polug¸nou Pn

me n akmèc. Onom�zoume tic akmèc tou Pn wc l1, . . . , ln ètsi ¸ste aut  h seir�

tairi�zei me thn seir� pou ep�gei o prosanatolismìc tou polug¸nou. 'Opwc

sthn apìdeixh tou L mmatoc5.1.3, èstw εij to prìshmo thc tom c metaxÔ twn li

kai lj. Tìte o arijmìc thc sustrof c enìc diagr�mmatoc tou Pn pou orÐzetai

mèsw mÐac probol c se epÐpedo k�jeto se èna tuqaÐo di�nusma ξ ∈ S2 orÐzetai

wc Wrξ(Pn) =
∑

1≤i<j≤n,2≤|i−j|≤n−2 εij.

Apìdeixh tou Jewr matoc 5.1.4. O q¸roc twn dunat¸n diamorf¸sewn se aut -

n thn perÐptwsh eÐnai o Ω = [0, 1]3n \ N ìpou N eÐnai to sÔnolo twn polug-

wnik¸n alusÐdec me autotomèc. O Ω eÐnai q¸roc mètrou me thn s-�lgebra

Borel sto Ω kai mètro to mètro Lebesgue, me µ(N) = 0. Efarmìzontac to

L mma 5.1.3, eÐnai eÔkolo na diapist¸soume ìti h mèsh tim  thc sustrof c

enìc diagr�mmatoc tou Pn wc proc ton q¸ro twn dunat¸n diamorf¸sewn Ω

eÐnai
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E(
∑

1≤i<j≤n,|i−j|≥2

ε2
ij) =

=
∑

1≤i<j≤n,2≤|i−j|≤n−1

E(ε2
ij) + 2

∑
1≤i≤n

∑
i+1≤j≤i+n−3

E(εijεi,j+1)

+ 2
1

2

∑

1≤i,j≤6,3≤|i−j|≤n−3

E(εijεi+1,j+1)

+ 2
1

2

∑

1≤i,j≤n,2≤|i−j|≤n−4

E(εijεi−1,j+1)

2
∑

1≤i≤n

E(εi,i+2εi+1,i+3)

= n2(p + 2(u + v))− n(3p + 2(4u + 5v − w))

(5.6)

ìpou p + 2(u + v) = q > 0, ìpwc èqei apodeiqjeÐ sto L mma 5.1.3 kai

�ra E[Wr(Pn)] = qn2 + O(n). Qrhsimopoi¸ntac ta l mmata 5.1.3, 5.1.5

apodeiknÔetai ìti to E[Wr(Pn)] eÐnai fragmèno apì k�tw apì to qn2 − 6qn.

H tetragwnik  sustrof  tou Pn eÐnai h mèsh sustrof  Wrξ(Pn) wc proc

ìlec tic dunatèc probolèc sto tetr�gwno, dhlad  Wr(Pn)2 =
(

1
4π

∫
ξ∈S2 Wrξ(Pn)dS

)2.

Tìte h mèsh tetragwnik  sustrof  enìc omoiìmorfou tuqaÐou polug¸nou Pn

wc proc ton q¸ro twn dunat¸n diamorf¸sewn ja sumbolÐzetai E[Wr(Pn)2].

'Estw mÐa diamèrish thc epif�neiac thc sfaÐrac ∆ = {I1, I2, . . . , Im} kai

ac jewr soume ìti h sustrof  enìc diagr�mmatoc tou Pn eÐnai stajer  se

k�je Ij, 1 ≤ j ≤ m. Ex orismoÔ, èqoume ìti gia mÐa akoloujÐa diamerÐsewn

∆k tètoia ¸ste µ(∆k) → 0 h mèsh tetragwnik  sustrof  tou Pn isoÔtai me

E[Wr2(Pn)] =
1

16π2
E[

(
lim

µ(∆k)→0

∑

1≤ξ≤m

Wrξ(Pn)δS
)2

]

=
1

16π2
lim

µ(∆k)→0
E[

( ∑

1≤ξ≤m

Wr2
ξ(Pn)δS2 + 2

∑

1≤ξ1,ξ2≤m

Wrξ1(Pn)Wrξ2(Pn)δS2
)
]

=
1

16π2
lim

µ(∆k)→0

( ∑

1≤ξ≤m

E[Wr2
ξ(Pn)]δS2 + 2

∑

1≤ξ1,ξ2≤m

E[Wrξ1(Pn)]E[Wrξ2(Pn)]δS2
)
]

(5.7)
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Qrhsimopoi same to Je¸rhma Kuriarqhmènhc SÔgklishc tou Lebesgue, afoÔ

oi Sm(Pn) =
∑

1≤ξ≤m Wr2
ξ(Pn)δS2+2

∑
1≤ξ1,ξ2≤m Wrξ1(Pn)Wrξ2(Pn)δS2 eÐnai

pragmatikèc, metr simec sunart seic ston q¸ro mètrou Ω kai

Sm(Pn) = (
∑

1≤ξ≤m Wrξ(Pn)δS)2 ≤ (
∑

1≤ξ≤m Crξ(Pn)δS)2 ≤ 103n4

ìpou h g = 103n4 eÐnai oloklhr¸simh sun�rthsh. 'Omwc apodeÐxame ìti

E[Wr2
ξ(Pn)] = O(n2), kai E[Wrξ] = 0, ∀ξ ∈ S2 opìte

E[Wr2(Pn)] =
1

16π2
lim

µ(∆k)→0

(∑
m

O(n2)δS2
)

⇒ 1

4π
O(n2) ≤ E[Wr2(Pn)] ≤ O(n2)

⇒ E[Wr2(Pn)] = O(n2)

(5.8)

5.2 Diaplok  metaxÔ mÐac

prosanatolismènhc kampÔlhc kai enìc

prosanatolismènou tuqaÐou polÔgwnou

se periorismèno q¸ro

MÐa akrib c apìdeixh thc asumptwtik c sumperifor�c thc pijanìthtac thc

diaplok c metaxÔ mÐac prosanatolismènhc kampÔlhc stajeroÔ m kouc kai enìc

prosanatolismènou tuqaÐou polÔgwnou pou brÐskontai periorismèna se èna

kurtì sumpagèc q¸ro dÐnetai sto [19].

Je¸rhma 5.2.1. 'Estw S mÐa stajer  apl  kleist  kampÔlh kai Rn èna

omoiìmorfo tuqaÐo polÔgwno n koruf¸n, periorismèna sto eswterikì enìc

summetrikoÔ kurtoÔ sunìlou tou R3. Tìte kaj¸c to n teÐnei sto �peiro, h
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pijanìthta ta S kai Rn na sqhmatÐzoun èna m  diaqwrizìmeno krÐko teÐnei sto

1 me rujmì toul�qiston 1−O( 1√
n
).

Gia thn apìdeixh tou parap�nw Jewr matoc ja qreiastoÔme to epìmeno

Je¸rhma apì thn JewrÐa Pijanot twn.

Je¸rhma 5.2.2. 'Estw x1, x2, . . . , xn mÐa akoloujÐa st�simwn kai m−anex�r-

thtwn tuqaÐwn metablht¸n tètoiec ¸ste E(xi) = 0, E(x2
i ) < ∞ gia k�je i

kai

0 < C = limn→∞
1

n
E

(( ∑
1≤i≤n

xi

)2≤ ∞, (5.9)

tìte to 1√
nC

∑
1≤i≤n xi sugklÐnei sthn kanonik  tuqaÐa metablht . Epi-

plèon, e�n jèsoume Φ(α) = 1
2π

∫
(−∞,α)

e−
x2

2 dx na eÐnai h sun�rthsh katanom c

thc kanonik e tuqaÐac metablht c, tìte èqoume

|P( 1√
nC

∑
1≤i≤n

xi ≤ α
)− Φ(α)| ≤ A√

n
(5.10)

gia k�poia stajer� A > 0.

Parat rhsh 5.2.3. Gia thn sun�rthsh puknìthtac pijanìthtac mÐac tuqaÐac

metablht c X h opoÐa akoloujeÐ thn Kanonik  katanom  N(µ, σ2) isqÔei:

F (x) = P (X ≤ x) = Φ(
x− µ

σ
) (5.11)

Parat rhsh 5.2.4. E�n m eÐnai ènac mh arnhtikìc akèraioc, mÐa akolou-

jÐa Xµ tuqaÐwn metablht¸n eÐani m−exarthmènh e�n ta X1, X2, . . . , Xs eÐnai

anex�rthta twn Xt, Xt+1, . . . ìpou t− s > m.

Apìdeixh tou Jewr matoc 5.2.1. Gia aplìthta, ja jewr soume ìti o periori-

smènoc q¸roc eÐnai o kÔboc pou orÐzetai apì to sÔnolo (x, y, z) : −1
2
≤ x ≤ 1

2

kai ja jewr soume ìti h apl  kleist  kampÔlh eÐnai o kÔkloc S sto xy−epÐpedo

tou opoÐou h exÐswsh eÐnai x2 +y2 = r2, ìpou r > 0 eÐnai mÐa stajer  pou eÐnai
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mikrìterh apì 1
2
. 'Estw εj to �jroisma twn ±1 pou antistoiqoÔn stic diastau-

r¸seic metaxÔ twn probol¸n thc st c j akm c lj tou Rn kai tou S, prèpei na

p�roume to �jroisma afoÔ se aut n thn perÐptwsh h probol  tou lj(p�nw sto

xy−epÐpedo) mporeÐ na èqei mèqri 2 diastaur¸seic me to S. EÐnai eÔkolo na

doÔme ìti εj = 0,±1,±2 gia k�je j, ta εj èqoun tic Ðdiec katanomèc kai lìgw

summetrÐac èqoume E(εj) = 0 gia k�je j. EÐnai profanèc ìti e�n |i − j| > 1

mod (n), tìte ta εi kai εj eÐnai anex�rthta, �ra èqoume E(εiεj) = 0. Me

èna parìmoio epiqeÐrhma san eutì pou qrhsimopoi same sto Je¸rhma 5.1.4,

èqoume p′ + 2u′ > 0, ìpou p′ = E(ε2
1) kai u′ = E(ε1ε2). 'Ara

0 < C =
1

n
E

(( ∑
1≤j≤n

εj

)2)
= p′ + u′ (5.12)

gia k�je n. E�n agno soume ton teleutaÐo ìro εn sthn parap�nw sqèsh,

tìte akìma èqoume

0 < C = lim
n→∞

1

n
E

(( ∑
1≤j≤n−1

εj

)2)
= p′ + u′. (5.13)

Epiplèon, eÐnai profanèc ìti h akoloujÐa ε1, ε2, . . . , εn−1 eÐnai mÐa 2−st�simh

kai exart¸menh akoloujÐa tuqaÐwn arijm¸n afoÔ ta εj èqoun tic Ðdiec katanomèc,

kai to tÐ sumbaÐnei sta ε1, . . . , εj den ephre�zei to tÐ sumbaÐnei sta εj+3, . . . , εn−1(�ra

eÐnai anex�rthta)

Apì to Je¸rhma 5.2.2, up�rqei mÐa stajer� A > 0 tètoia ¸ste

|P( 1√
nC

∑
1≤i≤n−1

εi ≤ α− Φ(α)| ≤ A√
n

(5.14)

ìpou Φ(α)eÐnai h kanonik  sun�rthsh katanom c. 'Eqoume



89

P (Lk(S, Rn) 6= 0) = P
( ∑
1≤i≤n

εi 6= 0
)

≥ 1− P
(−α− 2√

nC
≤ 1√

nC

∑
1≤i≤n−1

εi ≤ α +
2√
nC

)

≥ 1− P
(
Φ

(
α +

2√
nC

)− Φ
(−α− 2√

nC

))− 2
A√
n

,

(5.15)

ìpou Lk(S, Rn) eÐnai o arijmìc perièlixhc metaxÔ twn S kai Rn kai α > 0

eÐnai ènac tuqaÐoc arijmìc (afoÔ |εn| ≤ 2 ). 'Eqoume ìti

P (o arijmìc perièlixhc metaxÔ twn S kai Rn 6= 0) ≥ 1−O
(

1√
n

)
.

'Ara h pijanìthta ta S kai Rn na èqoun arijmì perièlixhc di�foro tou

mhdenìc plhsi�zei to 1 me rujmì 1−O
(

1√
n

)
.

Sto [19] h pijanìthta diaplok c dÔo tuqaÐwn polug¸nwn ereun�tai kai a-

rijmhtik�, kai sumperaÐnetai ìti h pijanìthta dÔo omoiìmorfa tuqaÐa polÔgwna

na eÐnai peplegmèna teÐnei sto 1 kaj¸c to pl joc twn koruf¸n twn polug¸nwn

teÐnei sto �peiro.

Akolouj¸ntac thn apìdeixh tou Jewr matoc 5.2.1, apodeiknÔoume to para-

k�tw Je¸rhma gia thn asumtwtik  t�sh thc apìluthc tim c tou arijmoÔ pe-

rièlixhc metaxÔ enìc omoiìmorfou tuqaÐou polug¸nou kai mÐac apl c kleist c

kampÔlhc.

Je¸rhma 5.2.5. 'Estw Rn èna prosanatolismèno omoiìmorfo tuqaÐo polÔ-

gwno n akm¸n kai S mÐa stajer  apl  kleist  kampÔlh periorismèna sto

eswterikì enìc summetrikoÔ kurtoÔ sunìlou tou R3. H mèsh apìluth tim 

tou arijmoÔ perièlixhc metaxÔ twn X kai S ston periorismèno q¸ro akoloujeÐ

mÐa auxhtik  t�sh wc proc to m koc tou polug¸nou thc morf c

E(|L(Rn, S)|) ≈ O(
√

n). (5.16)

Parat rhsh 5.2.6. H sqedìn kanonik  katanom  eÐnai h sun�rthsh puknìth-

tac pijanìthtac thc apìluthc tim c mÐac tuqaÐac metablht c pou akoloujeÐ
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thn kanonik  katanom  me mèsh tim  0 kai diaspor� σ2. Dhlad  e�n h X

eÐnai kanonik� katanemhmènh me mèsh tim  0 kai diaspor� tìte h Y = |X|
eÐnai sqedìn kanonik� katanemhmènh.

Tìte h mèsh tim  thc dÐnetai wc E(Y ) = σ
√

2
π
.

H diaspor� thc eÐnai V ar(Y ) = σ2(1− 2
π
).

Apìdeixh tou Jewr matoc 5.2.5. QwrÐc bl�bh thc genikìthtac jewroÔme thn

apl  kleist  kampÔlh ton kÔklo me exÐswsh x2 + y2 = r2 ìpou r > 0 eÐnai mÐa

stajer� mikrìterh apì 1
2
kai o periorismènoc q¸roc na eÐnai o C = {(x, y, z) :

−1
2
≤ x, y, z ≤ 1

2
}. 'Estw εj to �jroisma twn ±1 pou antistoiqoÔn stic

diastaur¸seic metaxÔ twn probol¸n thc st c j akm c lj tou Rn kai tou S,

prèpei na p�roume to �jroisma afoÔ se aut n thn perÐptwsh h probol  tou

lj(p�nw sto xy−epÐpedo) mporeÐ na èqei mèqri 2 diastaur¸seic me to S. EÐnai

eÔkolo na doÔme ìti εj = 0,±1,±2 gia k�je j, ta εj èqoun tic Ðdiec katanomèc

kai lìgw summetrÐac èqoume E(εj) = 0 gia k�je j. EÐnai profanèc ìti e�n

|i−j| > 1 mod (n), tìte ta εi kai εj eÐnai anex�rthta, �ra èqoume E(εiεj) = 0.

Me èna parìmoio epiqeÐrhma san eutì pou qrhsimopoi same sto Je¸rhma 5.1.4,

èqoume p′ + 2u′ > 0, ìpou p′ = E(ε2
1) kai u′ = E(ε1ε2). Tìte gia n = 3

V (
∑

1≤i≤3

εi) = E[(
∑

1≤i≤3

εi)
2] =

∑
1≤i≤3

E(ε2
i ) +

∑
1≤i,j≤3

E(εiεj)

= 3p′ + 3u′ = 3(p′ + u′) > 0

(5.17)

'Ara, èqoume p′ + 2u′ > 0 p′ = E(ε2
i ) u′ = E(εiεj). 'Ara

0 < C =
1

n
E

(( ∑
1≤j≤n

εj

)2)
= p′ + 2u′ (5.18)

gia k�je n. E�n agno soume ton teleutaÐo ìro εn sthn parap�nw sqèsh,

tìte akìma èqoume

0 < C = limn→∞ 1
n−1

E
((∑

1≤j≤n−1 εj

)2)
= p′ + 2u′.
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Epiplèon, eÐnai profanèc ìti h akoloujÐa ε1, ε2, . . . , εn−1 eÐnai mÐa 2−st�simh

kai exart¸menh akoloujÐa tuqaÐwn arijm¸n afoÔ ta εj èqoun tic Ðdiec katanomèc,

kai to tÐ sumbaÐnei sta ε1, . . . , εj den ephre�zei to tÐ sumbaÐnei sta εj+3, . . . , εn−1(�ra

eÐnai anex�rthta).

Apì to Je¸rhma 5.2.2, up�rqei mÐa stajer� A > 0 tètoia ¸ste

|P( 1√
(n− 1)(p′ + 2u′)

∑
1≤i≤n−1

εi ≤ α
)− Φ(α)| ≤ A√

n− 1

⇒ |P( ∑
1≤i≤n−1

εi ≤ α
√

(n− 1)(p′ + 2u′)
)− Φ(α)| ≤ A√

n− 1

⇒ |P( ∑
1≤i≤n−1

εi ≤ w
)− Φ(

w√
(n− 1)(p′ + 2u′)

)
)| ≤ A√

n− 1

(5.19)

ìpou w = α
√

(n− 1)(p′ + 2u′).

Shmei¸noume ìti o arijmìc perièlixhc metaxÔ tou prosanatolismènou o-

moiìmorfou tuqaÐou polug¸nou Rn kai tou S isoÔtai me 1
2

∑
1≤i≤n εi.

Tìte kaj¸c n → ∞, 1
2

∑
1≤i≤n−1 εi → Z, ìpou Z eÐnai mÐa tuqaÐa meta-

blht  pou akoloujèi thn kanonik  katanom  me mèsh tim  0 kai diaspor�

σ2 = 1
4
(n−1)(p′+2u′), dhlad  N(0, 1

4
(n−1)(p′+2u′)). 'Ara h tuqaÐa metablht 

|1
2

∑
1≤i≤n−1 εi| akoloujeÐ th sqedìn kanonik  katanom  kai E[|1

2

∑
1≤i≤n−1 εi|] =

1
2

√
(n− 1)(p′ + 2u′)

√
2
π

= O(
√

n).

'Ara |E[|1
2

∑
1≤i≤n−1 εi|]−E[|1

2
εn|]| ≤ E[|Lk(Rn, S)|] ≤ E[|1

2

∑
1≤i≤n−1 εi|]+

E[|1
2
εn|].
'Omwc E[|1

2

∑
1≤i≤n−1 εi|] = O(

√
n) kai E[|εn|] eÐnai mÐa stajer� anex�rthth

tou n, �ra E[|L(Rn, S)|] = O(
√

n).



Kef�laio 6

Arijmhtik� apotelèsmata

Se aut  thn enìthta ja parajèsoume ta apotelèsmata twn parak�tw pro-

somoi¸sewn gia omoiìmorfa tuqaÐa polÔgwna kai perip�touc se periorismèno

q¸ro kai gia kanonik� tuqaÐa polÔgwna kai perip�touc. Arqik� melet�me thn

auxhtik  t�sh thc mèshc tetragwnik c sustrof c, E[Wr2], kai thn mèsh apì-

luth tim  thc sustrof c, E[|Wr|] enìc omoiìmorfou tuqaÐou polug¸nou me n

akmèc se periorismèno q¸ro. 'Epeita exet�zoume thn auxhtik  t�sh thc apì-

luthc tim c tou arijmoÔ perièlixhc E[|Lk|], metaxÔ enìc omoiìmorfou tuqaÐou

polug¸nou n akm¸n kai mÐac epÐpedhc kampÔlhc kai metaxÔ dÔo omoiìmorfwn

tuqaÐwn polug¸nwn n akm¸n se periorismèno q¸ro. Sth sunèqeia, melet�me

thn auxhtik  t�sh thc mèshc apìluthc tim c tou arijmoÔ pe-rièlixhc, 〈ALN〉,
metaxÔ dÔo kanonik¸n tuqaÐwn perip�twn n akm¸n, kai thn auxhtik  t�sh

thc mèshc apìluthc tim c tou arijmoÔ autoperièlixhc, 〈ASL〉, enìc kanonikoÔ

tuqaÐou perÐpatou n akm¸n, wc proc ton arijmì twn akm¸n.

Gia na par�goume omoiìmorfa tuqaÐa polÔgwna kai omoiìmorfouc tuqaÐouc

perip�touc periorismènoc sto C3 = [0, 1]3, k�je suntetagmènh mÐac koruf c

tou omoiìmorfou tuqaÐou polug¸nou epilèqjhke apì thn omoiìmorfh katanom 

sto [0, 1]. Gia na melet soume thn asumptwtik  t�sh tou arijmoÔ perièlixhc

dÔo kanonik¸n tuqaÐwn perip�twn, èqoun paraqjeÐ kanonikoÐ tuqaÐoi perÐpatoi

92
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epilègontac k�je akm  apì thn omoiìmorfh katanom  sthn S2.

Gia ton upologismì tou arijmoÔ perièlixhc dÔo omoiìmorfwn tuqaÐwn polug¸-

nwn,   dÔo kanonik¸n tuqaÐwn perip�twn kai thc sustrof c enìc omoiìmorfou

tuqaÐou polug¸nou   enìc kanonikoÔ tuqaÐou perÐpatou qrhsimopoi same ton

algìrijmo sto [37], o opoÐoc basÐzetai sto olokl rwma kat� Gauss. Gia k�je

zeÔgoc akm¸n e1, e2, o arijmìc perièlix c touc upologÐzetai wc to prosana-

tolismèno embadì dÔo antidiametrik¸n stèrewn gwnÐwn pou orÐzontai apì tic

dÔo akmèc proc to embadì thc sfaÐrac, (deÐte paradeÐgmata 1 kai 2).

Gia ton upologismì tou arijmoÔ perièlixhc enìc omoiìmorfou tuqaÐou polug¸nou

kai mÐac epÐpedhc kampÔlhc an�game to prìblhma se dÔo diast�seic kai èqoun

paraqjeÐ n to pl joc shmeÐa akolouj¸ntac thn omoiìmorfh katanom  mèsa

sto tetr�gwno pleur�c 1. 'Etsi upologÐsame ton misì tou algebrikoÔ arijmoÔ

twn tom¸n tou polug¸nou me to eujÔgrammo tm ma −1
2
≤ x ≤ 1

2
, y = 0.

Ektim same ton arijmì perièlixhc metaxÔ omoiìmorfwn tuqaÐwn polug¸nwn

analÔontac zeÔgh apì 10 uposullogèc apì 500 omoiìmorfa tuqaÐa polÔgwna

pou kumaÐnontai apì 10 akmèc se 100 akmèc me èna b ma megèjouc 10 akm¸n,

gia ta opoÐa upologÐsame thn mèsh tim  kai èpeita upologÐsame to mèso twn

10 mèswn tim¸n gia thn ektÐmhs  mac. 'Omoia, analÔsame 10 uposullogèc twn

500 omoiìmorfwn tuqaÐwn polug¸nwn pou keimaÐnontai apì 10 akmèc èwc 100

akmèc me èna b ma megèjouc 10 akm¸n, gia ta opoÐa upologÐsame thn mèsh tim 

thc sustrof c kai èpeita upologÐsame to mèso twn 10 mèswn tim¸n gia thn

ektÐmhs  mac gia th sustrof  enìc omoiìmorfou tuqaÐou polug¸nou. Gia ton

upologismì thc auxhtik c t�shc tou arijmoÔ perièlixhc enìc omoiìmorfou

tuqaÐou polug¸nou kai mÐac epÐpedhc kampÔlhc analÔsame 20 uposullogèc

apì 2500 omoiìmorfwn epÐpedwn polug¸nwn pou keimaÐnontai apì 25 èwc 500

akmèc me èna b ma megèjouc 25.

Tèloc, analÔsame zeÔgh apì 10 uposullogèc apì 500 kanonikoÔc uqaÐouc

perip�touc pou keimaÐnontai apì 10 akmèc èwc 100 akmèc me èna b ma megèjouc

10 akm¸n, gia ta opoÐa upologÐsame thn mèsh apìluth tim  tou arijmoÔ pe-
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rièlixhc kai met� upologÐsame ton mèso twn 10 mèswn tim¸n gia thn ektÐmhs 

mac gia thn asumptwtik  t�sh tou 〈ALN〉. OmoÐwc, analÔsame 10 uposul-

logèc apì 500 kanonikoÔc tuqaÐouc perÐpatouc pou kumaÐnontan apì 10 èwc

100 akmèc me èna b ma megèjouc 10 akm¸n, gia ta opoÐa upologÐsame thn mèsh

tim  thc apìluthc ti c tou arijmoÔ autoperièlixhc kai met� upologÐsame to

mèso twn 10 mèswn tim¸n gia thn ektÐmhs  mac gia to 〈ASL〉.

6.1 Mèsh tetragwnik  sustrof  kai mèsh

apìluth sustrof  enìc omoiìmorfou

tuqaÐou polug¸nou

H pr¸th mac arijmhtik  melèth èqei wc antikeÐmeno th sustrof  enìc o-

moiìmorfou tuqaÐou polug¸nou. Apì to Je¸rhma 5.1.4 th mèsh tetragw-

nik  sustrof  enìc omoiìmorfou tuqaÐou polug¸nou aux�netai me èna rujmì

E[Wr2] ∼ O(n2). Gia na k�noume thn sÔgkrish me autì to analutikì apotè-

lesma upologÐsame th mèsh tetragwnik  sustrof  enìc omoiìmorfou tuqaÐou

polug¸nou metablhtoÔ m kouc.

Ta apotelèsmata faÐnontai sthn Eikìna 6.1. H kampÔlh sthn eikìna èqei

prosarmosteÐ se mÐa kampÔlh thc morf c an
1
2 + b ìpou to a ektim�tai na eÐnai

0.0328389 kai to b ektim�tai na eÐnai −2.12928, me ènan suntelest  prosdio-

rismoÔ R2 = 0.9997. O suntelest c prosdiorismoÔ paÐrnei timèc metaxÔ 0 kai

1, kai eÐnai èna mètro tou pìso kal� h kampÔlh prosarmìzetai sta dedomèna.

'Ara h ektÐmhsh pou dìjhke apì to Je¸rhma 5.1.4 uposthrÐzetai isqur� apì

ta dedomèna.

SuneqÐzoume peretaÐrw thn melèth thc sustrof c enìc omoiìmorfou tuqaÐou

polug¸nou kai upologÐzoume thn mèsh apìluth tim  thc sustrof c tou E[|Wr|].
Ta apotelèsmata faÐnontai sthn Eikìna 6.2. H kampÔlh sthn eikìna èqei
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Sq ma 6.1: H mèsh tetragwnik  sustrof  omoiìmorfwn tuqaÐwn polug¸nwn
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Sq ma 6.2: Mèsh apìluth tim  thc sustrof c omoiìmorfwn tuqaÐwn polug¸-

nwn

prosarmosjeÐ se mÐa kampÔlh thc morf c a + bn ìpou to a ektim�tai na eÐnai

−0.2372 kai to b ektim�tai na eÐnai 0.146, me suntelest  prosdiorismoÔ R2 =

0.9998.

Kaj¸c o arijmìc twn akm¸n twn polug¸nwn aux�netai, parathroÔme mÐa

aÔxhsh me rujmì O(n). Autì upodhl¸nei ìti

√
E[Wr2] ∼ E[

√
Wr2] = E[|Wr|]. (6.1)
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6.2 Mèsoc apìlutoc arijmìc perièlixhc o-

moiìmorfwn tuqaÐwn polug¸nwn se pe-

riorismèno q¸ro

H deÔterh arijmhtik  mac melèth èqei wc antikeÐmeno thn diaplok  metaxÔ enìc

omoiìmorfou tuqaÐou polug¸nou kai mÐac epÐpedhc kleist c kampÔlhc. Apì

to Je¸rhma 5.2.5, h mèsh apìluth tim  tou arijmoÔ perièlixhc enìc omoiìmor-

fou tuqaÐou polug¸nou kai mÐac epÐpedhc kleist c kampÔlhc se periorismèno

q¸ro èqei mÐa auxhtik  t�sh thc morf c O(
√

n). Ta apotelèsmata twn pro-

somoi¸sewn faÐnontai sthn Eikìna 6.3. Ta dedomèna èqoun prosarmosteÐ se

mÐa kampÔlh thc morf c a + b
√

n ìpou to a ektim jhke Ðso me −0.0515 kai to

b Ðso me 0.2384, me suntelest  prosdiorismoÔ 0.9999. 'Etsi, parathroÔme ìti

ta arijmhtik� apotelèsmata epibebai¸noun to Je¸rhma 5.2.5.

'Epeita exet�zoume thn diaplok  metaxÔ dÔo omoiìmorfwn tuqaÐwn polug¸-

nwn. Apì to Je¸rhma 5.1.1, o mèsoc tetragwnikìc arijmìc perièlixhc metaxÔ

dÔo omoiìmorfwn tuqaÐwn polug¸nwn aux�nei me rujmì O(n2) wc proc ton

arijmì twn akm¸n twn polug¸nwn. UpologÐsame ton mèso apìluto arijmì

perièlixhc metaxÔ dÔo omoiìmorfwn tuqaÐwn polug¸nwn kai ta apotelèsmata

parousi�zontai sthn Eikìna 6.4. H kampÔlh thc eikìnac èqei prosarmosteÐ se

mÐa kampÔlh thc morf c a+ bn ìpou to a ektim�tai na eÐnai −0.03 kai to b ek-

tim�tai na eÐnai 0.103, me suntelest  prosdiorismoÔ R2 = 0.9999 . Profan¸c,

kaj¸c o arijmìc twn akm¸n aux�nei, parathroÔme mÐa aÔxhsh me rujmì O(n).

Autì uponoeÐ ìti h auxhtik  t�sh thc apìluthc tim c tou arijmoÔ perièli-

xhc dÔo omoiìmorfwn tuqaÐwn polug¸nwn eÐnai Ðdia me aut n pou problèyame

jewrhtik� kai epibebai¸same arijmhtik� gia thn auxhtik  t�sh thc apìluthc

tim c tou arijmoÔ perièlixhc metaxÔ mÐac apl c kleist c epÐpedhc kampÔlhc

kai enìc omoiìmorfou tuqaÐou polug¸nou. 'Ara èqoume ìti
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Sq ma 6.3: Mèsh apìluth tim  tou arijmoÔ perièlixhc metaxÔ enìc omoiìmor-

fou tuqaÐou polug¸nou kai mÐac epÐpedhc kleist c kampÔlhc
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Sq ma 6.4: H mèsh apìluth tim  tou arijmoÔ perièlixhc metaxÔ dÔo omoiì-

mofrwn tuqaÐwn polug¸nwn

√
E[lk2] ∼ E[

√
lk2] = E[|lk|]. (6.2)

6.3 Mèsh apìluth tim  tou arijmoÔ au-

toperièlixhc enìc kanonikoÔ tuqaÐou perip�-

tou

Se aut  thn enìthta suzht�me ta arijmhtik� mac apotelèsmata gia thn a-

sumptwtik  t�sh tou arijmoÔ autoperièlixhc enìc kanonikoÔ tuqaÐou perip�-
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Sq ma 6.5: Mèsh apìluth tim  thc sustrof c enìc tuqaÐou kanonikoÔ perip�-

tou.

tou. H Eikìna 6.5 deÐqnei tic timèc tou arijmoÔ autoperièlixhc 〈|ASL|〉 pou

l fjhkan apì arijmhtikèc prosomoi¸seic idanik¸n tuqaÐwn perip�twn.

ProhgoÔmena arijmhtik� apotelèsmata [30] upodhl¸noun ìti h mèsh tim 

thc apìluthc sustrof c enìc idanikoÔ tuqaÐou perip�tou aux�netai san
√

n,

ìpou n eÐnai to m koc tou perip�tou. 'Etsi, prosarmìsame ta upologistik�

shmeÐa dedomènwn me thn sun�rthsh b + an
1
2 , af nontac tic dÔo paramètrouc

a kai b eleÔjerec. Tìte to a ektim jhke Ðso me 0.066 kai to b ektim jhke

Ðso me 0.355, me suntelest  prosdiorismoÔ R2 = 0.9736. ParathroÔme ìti

aut  h kampÔlh perigr�fei arket� kal� thn auxhtik  t�sh tou 〈ASL〉 enìc

kanonikoÔ perip�tou all� apaiteÐtai perissìterh èreuna gia na broÔme thn

akrib  ex�rthsh tou arijmoÔ autoperièlixhc apì to m koc tou perip�tou.
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6.4 Mèsoc apìlutoc arijmìc perièlixhc dÔo

kanonik¸n tuqaÐwn perip�twn Ðsou b -

matoc twn opoÐwn ta arqik� shmeÐa

tautÐzontai

Se aut  thn enìthta suzht�me ta arijmhtik� apotelèsmata p�nw sthn au-

xhtik  t�sh tou arijmoÔ perièlixhc metaxÔ dÔo kanonik¸n tuqaÐwn perip�twn

twn opoÐwn ta arqik� shmeÐa sumpÐptoun. H Eikìna 6.6 deÐqnei ìti oi timèc tou

mèsou apìlutou arijmoÔ perièlixhc 〈ALN〉 pou p rame apì tic arijmhtikèc

prosomoi¸seic kanonik¸n tuqaÐwn perip�twn. Apì to Je¸rhma 4.3 h mèsh

apìluth tim  tou arijmoÔ perièlixhc metaxÔ dÔo kanonik¸n tuqaÐwn perip�twn

ta arqik� shmeÐa twn opoÐwn sumpÐptoun, fr�ssetai apì p�nw apì 〈ALN〉 ≤
〈ICN〉 ∼ O(n), kai ìpwc mporoÔme na doÔme apì thn Eikìna 6.6 autì epibebai¸ne-

tai apì ta arijmhtik� mac apotelèsmata.

Apì ta arijmhtik� apotelèsmata pou parousi�sthkan sto [30], perimè-

noume ìti h mèsh apìluth tim  thc sustrof c enìc prosanatolismènou kano-

nikoÔ tuqaÐou perÐpatou, X, n bhm�twn ja èqei mÐa ex�rthsh apì to m koc

tou perip�tou:

〈AWR〉 ≈ O(
√

n). (6.3)

'Estw X = (X0, X1, . . . , Xn) kai Y = (Y0, Y1, . . . , Yn) dÔo prosanatoli-

smènoi kanonikoÐ tuqaÐoi perÐpatoi m kouc n, ta arqik� shmeÐa twn opoÐwn

sumpÐptoun, dhlad  X0 = Y0 = 0. MporoÔme na qrhsimopoi soume thn au-

xhtik  t�sh tou 〈AWR〉 gia na p�roume plhroforÐa sqetik� me thn auxhtik 

t�sh tou 〈ALN〉 wc ex c:

OrÐzoume X−Y na eÐnai o prosanatolismènoc kanonikìc tuqaÐoc perÐpatoc

2n bhm�twn, (Yn, . . . , Y1, Y0 = X0, X1, . . . , Xn). H sustrof  tou tìte eÐnai
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Sq ma 6.6: Mèsh apìluth tim  tou arijmoÔ perièlixhc dÔo prosanatolismènwn

kanonik¸n tuqaÐwn perip�twn twn opoÐwn ta arqik� shmeÐa tautÐzontai.
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Wr(X − Y ) = Wr(X) + Wr(−Y ) + L(X,−Y )

⇔ Wr(X − Y ) = Wr(X) + Wr(−Y )− L(X,Y )

⇒ L(X, Y ) = −Wr(X − Y ) + Wr(X) + Wr(Y )

⇒ |L(X, Y )| ≤ |Wr(X − Y )|+ |Wr(X)|+ |Wr(Y )|
⇒ |L(X, Y )| ≤ O(

√
2n) + O(

√
n) + O(

√
n)

⇒ |L(X, Y )| ≤ O(
√

n).

(6.4)

'Etsi apofasÐsame na elègxoume e�n h mèsh tim  thc apìluthc tim c tou

arijmoÔ perièlixhc metaxÔ twn dÔo idanik¸n perip�twn aux�nei me rujmì
√

n.

Prosarmìsame ta dedomèna pou upologÐsame me thn sun�rthsh b + an
1
2 , af -

nontac tic dÔo paramètrouc a kai b eleÔjerec. Tìte to a ektim jhke Ðso

me 0.0387 kai to b ektim jhke na eÐnai 0.0293 me suntelest  prosdiorismoÔ

0.9839.



Kef�laio 7

Diaplok  Polumerik¸n

Thgm�twn

O kÔrioc stìqoc autoÔ tou kefalaÐou eÐnai na ereun soume nèouc trìpouc gia

na metr soume to bajmì thc diaplok c mÐac sullog c polumerik¸n alussÐdwn.

Gia autìn ton lìgo ja melet soume k kanonikoÔc tuqaÐouc perip�touc Ðsou

m kouc twn opoÐwn ta arqik� shmeÐa sumpÐptoun.

'Estw A1, A2, . . . , Ak na eÐnai k prosanatolismènoi kanonikoÐ tuqaÐoi perÐ-

patoi twn opoÐwn ta arqik� shmeÐa sumpÐptoun. OrÐzoume ton pÐnaka perièlixhc

mÐac sullog c prosanatolismènwn tuqaÐwn perip�twn wc

L =




SL(A1) L(A1, A2) . . . L(A1, Ak)

L(A2, A1) SL(A2) . . . L(A2, Ak)

. . . . . . . . . . . .

L(Ak, A1) L(Ak, A2) . . . SL(Ak)




(7.1)

ProteÐnoume na metr soume thn diaplok  thc sullog c twn tuqaÐwn perip�twn

Ðsou b matoc qrhsimopoi¸ntac tic idiìthtec tou pÐnaka perièlixhc.

SumbolÐzoume to sÔnolo twn alusÐdwn Ðsou m kouc,   kanonik¸n tuqaÐ-

wn perip�twn n bhm�twn wc Equc(n). O pÐnakac peri�lixhc k polugwnik¸n

104



105

alusÐdwn L : (Equc(n))k → Rk2 eÐnai mÐa omoiìmorfa suneq c pragmatik 

sun�rthsh oi timèc thc opoÐac eÐnai pragmatikoÐ summetrikoÐ k × k pÐnakec.

Wc pragmatikoÐ summetrikoÐ tetragwnikoÐ pÐnakec autoÐ eÐnai diagwnopoi si-

moi, dhlad  up�rqei ènac antistrèyimoc pÐnakac V pou kataskeu�zetai apì ta

idiodianÔsmata tou L san kol¸nec tètoioc ¸ste E = V −1LV , ìpou E eÐnai

ènac diag¸nioc pÐnakac E = diag(λ1, . . . , λk) kai ìpou ta λi eÐnai oi idiotimèc

tou L. Oi pÐnakec E kai L san ìmoioi pÐnakec ja èqoun to Ðdio Ðqnoc. To

Ðqnoc tou pÐnaka E eÐnai to �jroisma twn idiotim¸n tou pÐnaka L, en¸ to Ðqnoc

tou L isoÔtai me to �jroisma twn arijm¸n autoperièlixhc twn alusÐdwn pou

apoteloÔn ton pÐnaka. Autì shmaÐnei ìti h auxhtik  t�sh tou ajroÐsmatoc

twn idiotim¸n tou L mac dÐnei thn auxhtik  t�sh tou ajroÐsmatoc twn arijm¸n

autoperièlixhc twn alusÐdwn.

IdiaÐtero endiafèron parousi�zei h mègisth idiotim  tou pÐnaka perièlixhc

L. O ìmoioc pÐnakac E = diag(λ1, . . . , λk) ja ekfr�zei thn auxhtik  t�sh thc

perièlixhc twn alusÐdwn pou apoteloÔn to t gma kat� m koc twn k�jetwn

axìnwn pou orÐzoun ta idiodianÔsmata. Tìte to λi ja sumbolÐzei thn auxhtik 

t�sh sthn kateÔjunsh vi. MporoÔme na doÔme ton pÐnaka E san èna pÐna-

ka metasqhmatismoÔ. Efarmìzontac epanhllhmèna autìn ton metasqhmatismì

k�je di�nusma ja gÐnei suggrammikì me to idiodi�nusma me thn megalÔterh

idiotim .

Gia na elègxoume ta parap�nw, prosomoi¸same 3 kanonikoÔc tuqaÐouc perÐ-

patouc Ðsou m kouc twn opoÐwn ta arqik� shmeÐa sumpÐptoun kai upologÐsame

thn mègisth kat� apìluth tim  idiotim  tou pÐnaka perièlix c touc. To k�name

autì gia 20 diaforetikèc 3−�dec kanonik¸n tuqaÐwn perip�twn se k�je m koc

kai upologÐsame thn mèsh tim  touc san apotèlesma. Ta m kh pou exet�same

kumaÐnontai apì 25 èwc 300 akmèc me b ma 25 akm¸n.

Sthn Eikìna 7.1 mporoÔme na doÔme thn auxhtik  t�sh thc mèshc tim c

thc megalÔterhc kat� apìluth tim  idiotim c tou pÐnaka perièlixhc. Ta de-

domèna èqoun prosarmosteÐ se mÐa kampÔlh thc morf c a + b
√

n, pou eÐnai
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Sq ma 7.1: H mèsh mègisth kat� apìluth tim  idiotim  tou pÐnaka perièlixhc

tri¸n kanonik¸n tuqaÐwn perip�twn me koinì arqikì shmeÐo wc proc to m koc

touc
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h t�xh thc auxhtik c t�shc thc apìluthc tim c tou arijmoÔ autoperièlixhc

enìc tuqaÐou perip�tou Ðsou b matoc. To a ektim jhke Ðso me −1.145 kai to b

Ðso me 0.795835 me suntelest  prosdiorismoÔ 0.925412 Autì to apotèlesma

enisqÔei thn prìtas  mac ìti h megalÔterh idiotim  qarakthrÐzei ton arijmì

autoperièlixhc twn kampul¸n, parathroÔme ìmwc mÐa arket� meg�lh apìklish

twn tim¸n kai eÐnai aparaÐthth h peretaÐrw prosomoÐwsh tuqaÐwn perip�twn

gia èna pio akribèc apotèlesma.

Ja prospaj soume na ermhneÔsoume thn mègisth idiotim  tou pÐnaka pe-

rièlixhc kai to idiodi�nusma pou antistoiqeÐ se aut  san èna sunduasmì twn

alusÐdwn pou prokaloÔn thn megalÔterh diaplok  tou t gmatoc.

'Estw ìti ta stoiqeÐa tou Rk anaparistoÔn ajroÐsmata alusÐdwn, tìte ta

idiodianÔsmata mporoÔn na ekfrastoÔn san vi = vi1A1 + vi2A2 + . . . vikAk gia

1 ≤ i ≤ k. 'Estw vm = vm1A1 + vm2A2 + . . . vmkAk to idiodi�nusma pou

antistoiqeÐ sthn idiotim  me thn megalÔterh apìluth tim , tìte proteÐnoume

ìti mÐa apì tic parak�tw katast�seic mporeÐ na sumbeÐ:

(i) e�n λmax À λi∀j kai up�rqei ènac suntelest c vmi tètoioc ¸ste

vmi >> vmj∀1 ≤ j 6= i ≤ k tìte autì shmaÐnei ìti o arijmìc perièlixhc

thc alusÐdac Ai eÐnai o pio shmantikìc par�gontac diaplok c sth diamìrfwsh

tou teÐgmatoc pou melet�me.

(ii) e�n up�rqei mÐa idiotim  λl tètoia ¸ste λmax > λl À λj∀j kai up�rqei

ènac suntelest c vm,i tètoioc ¸ste vm,i >> vm,j∀1 ≤ j 6= i ≤ k kai ènac

suntelest c vli tètoioc ¸ste vlh >> vl,j∀1 ≤ j 6= h ≤ k tìte SLi > SLh kai

o arijmìc autoperièlixhc thc i-st c kai h-st c alusÐdac eÐnai oi pio shmantikoÐ

par�gontec diaplok c thc sullog c twn alusÐdwn.

Gia na elègxoume aut n thn prìtash, par�goume treÐc kanonikoÔc tuqaÐouc

perip�touc ta kèntra m�zac twn opoÐwn sumpÐptoun kai upologÐzoume ton pÐ-

naka perièlix c touc, tic idiotimèc kai ta idiodianÔsmata.

ParadeÐgmata Gia treÐc kanonikoÔc tuqaÐouc perip�touc twn 100 bh-
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m�twn twn opoÐwn ta kèntra m�zac sumpÐptoun l�bame ton parak�tw pÐnaka

perièlixhc.

L =




1.81 −1.54 −0.765

−1.54 −8.98 −0.89

−0.765 −0.89 −2.04


 (7.2)

Oi idiotimèc tou pÐnaka perièlixhc

λ1 = −9.32989, λ2 = 2.12415, λ3 = −2.00425 kai ta idiodianÔsmata eÐnai

v1 = {−0.14477,−0.980231,−0.134865},
v2 = {0.980355,−0.123645,−0.153675}
kai v3 = {0.133962,−0.154464, 0.978874}.
MporoÔme na doÔme ìti λmax = |λ1| À λ2, λ3. To idiodi�nusma pou anti-

stoiqeÐ se aut n thn idiotim  eÐnai v1 = {−0.14477,−0.980231,−0.134865}.
MporoÔme na doÔme ìti v12 = 0.980231 À v11, v13, opìte akolouj¸ntac thn

parap�nw mèjodo ja sumperaÐname ìti o arijmìc autoperièlixhc thc deÔterhc

alusÐdac eÐnai o pio shmantikìc par�gontac diaplok c sth diamìrfwsh tou

t gmatoc pou melet�me, kai autì epibebai¸netai koit�zontac ton pÐnaka periè-

lixhc.

'Allo èna endiafèron par�deigma eÐnai

L =



−4.83 0.505 −0.395

0.505 −0.24 −0.575

−0.395 −0.575 3.52


 (7.3)

Oi idiotimèc tou pÐnaka perièlixhc

λ1 = −4.89801, λ2 = 3.63171, λ3 = −0.283698 kai ta idiodianÔsmata eÐnai

v1 = {0.993906,−0.102865, 0.039611},
v2 = {−0.0552282,−0.153722, 0.986569}
kai v3 = {−0.0953945,−0.982745,−0.158467}.
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MporoÔme na doÔme ìti λmax = |λ1| > λ2 À λ3, v11 À v12, v13 kai v23 À
v21, v22. Akolouj¸ntac thn parap�nw mèjodo ja sumperaÐname ìti SL1 > SL3

kai ìti o arijmìc autoperièlixhc thc pr¸thc kai thc trÐthc alusÐdac eÐnai

o pio shmantikìc par�gontac diaplok c sth diamìrfwsh tou t gmatoc pou

melet�me. MporoÔme na doÔme ìti autì epibebai¸netai koit�zontac ston pÐnaka

perièlixhc.



Kef�laio 8

Sumper�smata

OrÐsame ton arijmì perièlixhc kai th sustrof  gia anoiktèc kampÔlec kai

apodeÐxame ìti autèc oi sunart seic eÐnai omoiìmorfa suneqeÐc wc proc tic

suntetagmènec thc kampÔlhc, Je¸rhma 3.0.7. Kaj¸c ta �kra twn kampÔ-

lwn èrqontai kontÔtera o arijmìc perièlixhc kai h sustrof  twn anoikt¸n

kampÔlwn teÐnoun na eÐnai Ðsa me ton arijmì perièlixhc kai th sustrof  twn

kleist¸n kampÔlwn, Pìrisma 3.0.8. 'Etsi, o arijmìc perièlixhc kai h su-

strof  twn anoikt¸n kampÔlwn eÐnai èna kalì mètro thc diaplok c metaxÔ

anoikt¸n alusÐdwn kai th diaplok  mÐac kampÔlhc me ton eautì thc. Autì

to mètro mporeÐ na èqei idiaÐterh shmasÐa sthn melèth twn idiot twn twn thg-

m�twn polumer¸n, ìpou h diaplok  twn makromorÐwn polumer¸n ephre�zei tic

idiìthtec tou t gmatoc.

To Je¸rhma 5.1.1 sto [19] kai to Je¸rhma 5.1.4 problèpoun mÐa auxhtik 

t�sh tou mèsou tetragwnikoÔ arijmoÔ perièlixhc kai thc sustrof c twn o-

moiìmorfwn tuqaÐwn polug¸nwn periorismènwn se èna kurtì sÔnolo ston R3,

thc morf c O(n2) pou epibebai¸netai apì ta arijmhtik� mac apotelèsmata.

Qrhsimopoi same arijmhtikèc prosomoi¸seic gia na deÐxoume ìti h jew-

rhtik� problepìmenh auxhtik  t�sh thc mèshc apìluthc tim c tou arijmoÔ

perièlixhc enìc omoiìmorfwn tuqaÐou polug¸nou kai mÐac apl c epÐpedhc klei-
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st c kampÔlhc pou dÐnetai apì to Je¸rhma 5.2.5 na eÐnai thc t�xhc O(
√

n)

isqÔei. Ta arijmhtik� apotelèsmata epibebai¸noun thn jewrhtik  mac prì-

bleyh, kai proteÐnoun ìti
√

E[lk2] ∼ O(n) ∼ E[
√

lk2]. 'Eqei polÔ endiafèron

na apodeiqjeÐ autì to apotèlesma jewrhtik�.

Ta apotelèsmat� mac mporoÔn na efarmostoÔn se polumer  periorismèna

se mikroÔc ìgkouc, tètoiouc ìpwc ta biologik� sust mata ìpou mìria DNA

eÐnai periorismèna se polÔ mikroÔc ìgkouc.

Oi idanikoÐ tuqaÐoi perÐpatoi qrhsimopoioÔntai gia na montelopoi soume

uhn sumperifor� twn polumer¸n upì j-sunj kec. AnalÔsame thn auxhtik 

t�sh thc mèshc tim c thc apìluthc tim c tou arijmoÔ perièlixhc metaxÔ dÔo

kanonik¸n tuqaÐwn perip�twn n bhm�twn kai thn autoperièlixh enìc kanonikoÔ

tuqaÐou perÐpatou n bhm�twn. MÐa dunatìthta gia mellontik  ergasÐa ja  tan

na apodeÐxoume autì to apotèlesma jewrhtik�.

Tèloc, epekteÐname thn melèth tou arijmoÔ perièlixhc prosanatolismè-

nwn anoikt¸n alusÐdwn sthn melèth sullog¸n anoikt¸n alussÐdwn ta arqik�

shmeÐa twn opoÐwn sumpÐ-ptoun. Eis�game èna nèo mètro perièlixhc, tic idio-

timèc kai ta idiodianÔsmata tou pÐnaka perièlixhc. ProteÐname mÐa mèjodo gia

na ermhneÔsoume tic idiotimèc kai ta idiodianÔsmata tou arijmoÔ perièlixhc pou

mac dÐnei plhroforÐa gia thn diaplok  anoikt¸n alusÐdwn. Ja  tan polÔ endi-

afèron na epekteÐnoume aut n thn prìtash me pio leptomer  sumper�smata kai

thn statistik  melèth se peretaÐrw èreuna. Oi idiotimèc kai ta idiodianÔsmata

suqn� qarakthrÐzoun tic idiìthtec polumerik¸n susthm�twn kai kaneÐc mporeÐ

na y�xei gia sundèsmouc aut¸n me to tou pÐnaka perièlixhc.
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